ESTIMATES FOR COMMUTATORS
OF ORTHOGONAL FOURIER SERIES
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ABSTRACT. In this paper we study weighted norm inequalities for the commutators
[b, Sn] where b is a BMO function and Sy, denotes the n-th partial sum of the Fourier
series relative to a system of orthogonal polynomials on [—1, 1] with respect to general
weights. Results about generalized Jacobi and Bessel Fourier series are obtained.

0. INTRODUCTION.

Given a linear operator 71" acting on functions and a function b, and denoting
by M, the operator of pointwise multiplication by b(z), the commutator of this
operator and T is defined by

[0, T1f(z) = [My, T f(x) = b(z)T'f(x) — T(bf)(x).

The first results on this commutator were obtained by Coifman, Rochberg and
Weiss [CRW]. They proved that if H is the classical Hilbert transform (and also
more general singular integrals) and 1 < p < oo, then [b, H] is bounded in LP(R)
if and only if b € BMO(R). The boundedness of the commutator has been studied
among others by Bloom [B]] involving some weights and where b belongs to an ap-
propriate weighted BMO space and by Segovia and Torrea ([ST 1]), who obtained a
vector-valued commutator theorem for operators T including the Hilbert transform,
and whose results apply to the Carleson operator, Littlewood-Paley sums, U.M.D.
Banach spaces, Parabolic Differential Equations and Approximate Identities (for
further references see [ST 2], [ST 3]).

Frequently, the boundedness of the commutator is related to the analytic be-
haviour of some operator. Let (X,du) be a o-finite measure space and B a real
Banach function space on (X, du). Consider the partial sums of Fourier series rel-
ative to the orthonormal polynomials on L?(X,du), that is, for f € L*(X,du) and
reX,

Suf(z) = /X Kon(,y) £ () du(y)

where K, (x,y) is the corresponding kernel. Let B be the complexification of B
and, for each b € B, define T}, (b) = M. S, M,-». Then

T.0)(f) () = /X explb(x) — b))} K (1) () du(y).
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The boundedness of the operators T),(b) is equivalent to a weighted norm inequality
for the operators .S,,.

On the other hand, for this particular sequence {7, },en of operator valued
functions, the uniform boundedness in a neighbourhood of 0 € B implies the
Gateaux-differentiability (see [CM], [L]) and the Gateaux-differential of T}, at 0
in the direction b € B is

d

In particular, these ideas (which came out in [CRW]) show that certain weighted
norm inequalities for a basic operator T' give information about the commutator
[b, T].

The purpose of this paper is to study the uniform boundedness of the commutator
of the partial sums of Fourier series with respect to a class of weights which includes,
as a particular case, generalized Jacobi Fourier series.

In a first step, we find necessary conditions for the uniform boundedness of
the operators [b, S,,] in LP(du); also, for the uniform weak boundedness [b,S,] :
LP(du) — LP°°(du) or the restricted weak boundedness [b,S,] : LP1(du) —
LP>°(dp).

Here, LP"(dp) stands for the classical Lorentz space of all measurable functions
f satisfying

.o = [b,Sn].

r oo . T dt 1/r
1l ey = (2_9/0 [tl/pf (t)} —) <o (1<p<oo, 1<7r<00),

t
[ £l oo (ap) = [1fllL2(ap) = iggtl/pf*(t) <oo (1<p<oo),

where f* denotes the nonincreasing rearrangement of f. We refer the reader to
[SW] for further information on these topics.

In a second step, we find sufficient conditions for the uniform boundedness of
[b,Sp] in LP(dp), which, in many cases, coincide with the necessary conditions
previously found. We are concerned with the case du = wdx, where w is a positive
weight function.

We shall distinguish two cases: firstly, polynomial systems with uniform bounds
(the class H defined below), where we follow the ideas of Coifman, Rochberg and
Weiss. This is the case of Jacobi weights (1 —x)%(1+z)? with o, 3 > —1/2. Fourier
Bessel series also fall in this scheme.

Next, we consider a more general setting (the class ) where these techniques do
not work well and a more detailed examination of the kernels is required. Here, we
reduce the problem to the boundedness of [H, b] (where H is the Hilbert transform)
in weighted L? spaces by inserting A, weights.

We shall need weighted estimates for the partial sums of the Fourier series. The
problem of finding conditions on weights u, v such that

(1) |uSn fllzr(w) < Cllofllee@w) Yn>0,Vf € LP (vPw)

has been solved only in some particular cases. For instance, Badkov gives in [B]
necessary and sufficient conditions for (1) when u = v and both u, w are generalized
Jacobi weights; earlier results can be found in [P 1], [P 2], [W], [M 1]. For the two
weight case, see [GPV 1], [GPRV 1], [GPRV 2]. Hermite and Laguerre series have
been considered by Askey and Wainger ([AW]) and Muckenhoupt ([M 2]).
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Bessel series have been studied by Wing [W], Benedek-Panzone [BP 1], [BP 2]
and the authors [GPRV 3].

In this paper we shall see that the boundedness of the commutator for this type
of series holds when the partial sums of the Fourier series are bounded.

1. NOTATIONS AND MAIN RESULTS.

Let du(z) = w(z)dz, with w € L'(dz) and w > 0 a.e. in [—1,1]. Let {pn}n>0
be the sequence of orthonormal polynomials with respect to pu.
For f € LY(w), let S, f denote the n-th partial sum of the Fourier expansion of

f n {pn}nzo, i.e.,
Suf(@) = [ FOK 0y, Kalwy) =Y pom)
. k=0

Throughout this paper, C' will denote a constant, independent of n, f, but
possibly different from line to line.

Let 1 <p < ooand —oco <a < b<oo. The class A,(a,b) consists of those pairs
of weights (u,v) such that

(ﬁ/ju(w) da:) (%/jv@)—l/(p—l) dx)p_l <C

where I ranges over all finite intervals I C (a,b) and |I| stands for the length of the
interval I. A weight w is said to belong to A, if (u,u) € A,. We refer the reader to
[GR] for further details on A, classes.

We say that (u,v) € Ag(a, b) for § > 1if (u®,v°) € A,(a,b). With this definition
we mean that a power of u and v greater than 1 belongs to A,. We use the same
exponent § although it can change in each occurrence.

We shall take B the space of functions of bounded mean oscillation (BMO) on
[—1,1]. If b € L*(dx), the mean of b on an interval [ is

1
bI:—/bx dz.
1/,

The function b is said to have bounded mean oscillation on [—1, 1] if

1
18]l = sup — / 1b(8) — br|d6
r M Jr

is finite, where the supremum is taken over all intervals I C [—1,1]. The space
BMO of real-valued functions (modulo constants) having bounded mean oscillation
on [—1,1] is a Banach space with || - ||« as its norm.

Theorem 1. Let w be a weight on [—1,1], w > 0 a.e., {S, }n>0 the Fourier series
relative to du(z) = w(x)dz, U,V two weights, U,V~1 > 0 a.e. Let b € BMO,
b ¢ L™ and suppose that there exists some constant C > 0 with

1UTB, Sl (V") 2y < Ol
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for each n > 0 and f € L?%(w) (where 1 < p < o0, 1 < q < oo; either r = p or
r = oo; either s =q or s =1). Then,

16U w2 (1 = 22) 4| Lo ) < 00,

and
BV w2 (1 = &) T Ly ) < 00

Let w(z) be a weight function on [—1, 1], p,(x) the corresponding orthonormal
polynomials and ¢, (x) the orthonormal polynomials with respect to (1 — 22)w(z).
We say that w belongs to the class H of weights if it satisfies

i) w(z) >0 a.e.,
ii) [pn(@)| < Cw(z)~H2(1 —a2)7 14,
i) |gn(2)| < Cw(z)1/2(1 — 22)=3/4,

The class H contains the generalized Jacobi weights

Vi

w(z) = p(x)(1 - 2)*(1+ )’ H |z —

where o, 3 > —-1/2, v, >0 (i=1,2,...,N), -1 <z < --- <z, <1, ¢ is positive
and continuous on [—1,1] and p(8)/§ € L*(0,2), p being the modulus of continuity
of ¢ (see, e. g., [B]).

Theorem 2. Let 1 < p < oo, w € H, U and V weights on [—1,1] and b € BMO.
If
((1 — g?)TP/AYPyL P2 (1 - xQ)*p/‘*valfp/?) € A%(~1,1),

2) (1= a2yplaura! =2, (1= g2l Ayrel=r?) € A3(-1,1)

for some § > 1 (6 =1 when U =V ), then the commutator [b, S,] is bounded from
LP(VPw) into LP(UPw) uniformly in n.

For generalized Jacobi weights with a, 3 > —1, 4; > 0, the orthogonal polyno-
mials do not have uniform bounds. We extend the class H of weights and say that
a weight w belongs to the class H if w(z) = (1 — 2)*(1 + z)Pw; (x), where

i) w(x) > 0 a.e. and there exist € > 0 and positive constants C; and Cs such
that C; <wi(x) < Cyforallz € (1 —¢,1)and z € (—1,-1+¢),
i) [pn(2)] < C(L =@+ an)~O2H/D (1 4 4 b,) = O2H Dy () 712,
i) |gn(2)] < C(1 — 2 + a,) @23/ (1 4 1 4 b,)~B/2+3/ Dy (2) =12 where
{a,} and {b,} are positive sequences such that li7rln ay, = h,{n b, = 0.

Theorem 3. Let 1 < p < oo, w € H, U(z) = (1 — 2)*(1 + 2)°u(z), V(z) =

(1—2)2(1+2)Pv(x) withu > 0 a.e., v > 0 a.e. and such that C; < u(z),v(x) < Cy
forxe(l—¢g/1) andz € (—1,-1+4¢). If b € BMO,

(a+1) (1—1>+G+A‘ < CL_A+rnin{1 a+1}7 A<a,

p 2 2 2 42
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1 1\ b+B| b—B . (1 B+1
-z -2t <
'(ﬁ+1)(p 2>+ 5 ‘< 5 +m1n{4, 5 }, B<b

and
<upw}_p/2,vai_p/2) € Ag(—l, 1)

for some § > 1 (6 =1 when u = v), then the commutator [b,S,] is bounded from
LP(VPw) into LP(UPw) uniformly in n.
As a consequence of these results for generalized Jacobi weights, we obtain

Corollary 1. Let 1 < p < oo,

N
w(z) = (1—2)*(1+a)° [ e — 2
i=1
with x; € (—=1,1), z; #x; Vi # j, o, 8> =1, v > 0 Vi and
N

Ulx) = (1 —a)* (L +2)" [ ] lo — @il
i=1
Then the commutator [b, S,] is uniformly bounded from LP(UPw) into LP(UPw) for
each b € BMO if and only if

(3) a+(&+1)(%—%) <min{i,a;1}

(4) 'b+(6+1) (%—%) <min{i,%}

and

(5) gi-l-(%'-l—l)(%—%)'<min{%,%;—1}, i=1,2,...,N.

Corollary 2. With the same notation, inequalities (3), (4), (5) are also necessary
for the weak and restricted weak (p,p)—boundedness of the conmutator [b,S,] for
each b € BMO.

Remark. Notice that, in contrast to this situation, the operators .5, are of restricted
weak type when w is a Jacobi weight and p is an endpoint of the open interval
determined by (3), (4), (5) (see [GPV 2]).

2. PROOFS OF THE THEOREMS.
Proof of Theorem 1. For each 0 < L < K < 00, let us define
P(L) =A{z € [-1,1]; [b(x)] < L},
§(K) = {z € [-1,1]; K < [b(a)]}.
Then, for each z € §(K), y € P(L) we have:
*) sgn (b(x) — b(yL)) = sgnb(z);
%) |b(y)| < L < ?|b(w)\, so that

K—-L

[b(x) = b(y)| = [b(z)| — |b(y)] > [b(2)]-
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From the hypothesis it follows

ulb, Sn = Sn-1](™ Fll o) < CllFll ()
1

[b, Sn = Sn-a] (07 f) (@) = pu(2) / [b(z) = b(W)lpn(y)o(y) ™" f(y)w(y)dy,

-1

where {p,} are the orthonormal polynomials with respect to w(z)dz. Now, take
0< L <K <ooand

f(y) = [sgnpn(y)xe) (W) A (Y)I,

h being any function in L9°(w). Here and in the sequel, x 4 denotes the character-
istic function on a measurable set A. For each x € G(K),

|[b, S = Sn—1](v™"f) ()]

= |—pn(z) sgn b(z)| /_ 1 b(y) — b()| lpn()| v(1) ™~ xo) (@) |M(y)] w(y)dy

K-L B
> = lpn @) [o(@)] [pnv™ X2 Pl 1 ()
Thus,

[ulb, Sn = Sn—1](v™" )l Lo ()

K-L
>
- K

x5 () bupn Lo (w) 1Pnv ™ Xp (o)l L1 ()
and therefore

K—-L

7 Ixsuobupnl|rr ) [Pav™ Xp@)hllrw) < CllfllLosw) < CllbllLos(w)

for each h € L?9*(w). By duality,

K —-L _
e x5 bupnll Lo-r(w) P00 Xp () | Loty < C-
Also,
K- L _
(6) T IXs)bupnllLrr iy lIxe)bv Pullpar et () < C.

In a similar way, taking

f(y) = [sgnb(y)] sgn pn (y)xsr) (W) | R (Y)],
and z € P(L), we obtain

K —

L _
(7) I xPL)bupn|| Lrr () [ Xg(K)DV lanLq/’s/(w) <C.
KL
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Now, by a result of Maté, Nevai and Totik (see [MNT 2]),
Cng—1/2(1 — ;c2)—1/4HLp(w) < limninf ngnHLp(w)

for any measurable function g. A similar property holds in LP:*°(w) (see [GPV 2]).
Then, taking liminf in (6) and (7) we have

s bu™2(1 = 22) 74| o) [y b~ w20 = 224 ) < 00,

HX?(L)bUU)_l/Q(l . $2)_1/4||var(w) HXS(K)bU_lw_l/z(l . .7)2)_1/4||Lq”3/(w) < 0

for each 0 < L < K < oo. Since b ¢ L*> we have xg(x)b # 0 for every K > 0 and
there exists some Lo > 0 such that xp)b # 0 for every L > Lo. Now, u, vt >0
almost everywhere, so that for Ly < L < K < oo the above norms cannot vanish
and as a consequence they cannot be oo as well. This proves the theorem. [

Proof of Theorem 2. Write
w(@) = (1 — 22)PAU(2)Pw(x) P2, wo(z) = (1 — 22) P4V (z)Pw(z) P/2,

a(z) = (1 — 2P/ AU (2)Pw(z) P2, B(z) = (1 — 22)P/4V (2)Pw(z) P2,
The following lemmas will be proved below.

Lemma 1. Assume that w € H and let U and V be as above and satisfying
(u,v) € Ag and (u,v) € Ag

for some 6 > 1. Then
1USnfllpw < CIIV Fllpw

where C' depends only on the A, constants of (u,v) and (u, 7).

Lemma 2. Let (u1,v1) € A) for some § > 1 and b € BMO. Then, there exist
6 > 1 and v > 0 such that (e**uy, e*Pv1) € A for all s with |s| < v, and the A,
constant is independent of s.

Now, for a fixed function b € BMO and n € N, put
T.f =e**S, (e ?*f), zeC.

Let us show the analyticity of this operator-valued function. From the hypothesis
and Lemma 2 it follows

(e%bu, e5Pv) € Ag and (e*'w, e*') € Ag
for all s such that |s| < . Then, by Lemma 1, we have
e TS fllpw < Clle*V Fllp.uw-

Therefore, for |z| <~
IUT. f

pw < CV ]

b,w-
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Then, for |z| < v, T, € L(LP(VPw), LP(UPw)). Moreover, the constant C' in the
last inequality is independent of z, |z| < . So, the application T, is bounded (with
the operator norm) in |z| < . Then, in order to prove the analyticity in |z| < 7 it
is enough to show that the mapping z — (T f, g) is holomorphic for every f in a
dense subspace of LP(VPw) and every g in a dense subspace of the dual of LP(UPw)
(see [K, p. 365]).

If f, g are bounded functions we can differentiate the expression

1 1
(T.f,g) = / 1 / OO (2.9) (@)U (@) w(z)ly) do dy

by differentiating under the integral sign, since the derivative of the integrand can
be dominated by

CeVP@ =W () — b(y)| | Kn(x,y)|U(z)Pw(z)w(y)

which is integrable on [—1,1] x [—1,1]. This follows from a suitable handling of
the hypothesis (integrability conditions which are implicit in the Ag conditions (2),
b€ BMO and w € H).

Besides, this process shows that

d
21 =18,
dZ ‘z:O [ S]

Therefore, [b, S,] is a bounded operator from LP(VPw) into LP(UPw). Moreover,
by Cauchy’s integral theory, the norm of [b,S,] is controlled by the maximum of
the norms of 7%, (which are independent of n) when z ranges in a circle and hence
the norms of [b,S,,] are independent of n. This concludes the proof of Theorem

2. O

Proof of Lemma 1.
The main idea of this proof comes out in [P 1] (see also [GPV 1]). We use
Pollard’s decomposition of the kernels K, (z,y),

Ky (z,y) =ryT1 (2, y) + spTopn(z,y) + 5515 0 (2, y)

where
Tl,n<x7 y) = pn—l—l(m)pn—l—l(y)?

e @)
Ty p(z,y) = (1 —y°) pR—
Tsn(x,y) = (1 - ;ﬁ%

and {r,}, {s,} are bounded sequences. In fact, for any measure du on [—1, 1] with
w >0 ae.,
limr, =—-1/2, lims, =1/2

(this can be deduced from [P 1] and either [R] or [MNT 1]). Therefore, we can
write

Snf = TnWLnf + SnW2,nf - SnW?),nf
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where .

Wl,nf<x) - pn—i—l(x) / pn+1fw7

Won f () = P (2) H((1 = y*)gn fuw, x)

and

W f(z) = (1= 2%)gn (@) H (pns1 fw, @),

H being the Hilbert transform on the interval [—1,1]. Thus, the study of S,, can
be reduced to that of W; ,, (i =1,2,3).

i = 1): By using the uniform estimates for p,, and ¢, and Hdélder’s inequality
with 1/p+ 1/p" = 1, we have

1
1UWan Pl = (U1 llp / Pt (1) () w(y) dy

—1

< OU(@)w(x) (1 = 2?) " ||V (@)~ (@) 21 = 2) " |V .

From the A, conditions in the hypothesis it follows

U(x)Pw(z) P21 — 2)7P/* e L (dx)

and /
(V (@) w(x) P2 (1 = 2P/ P /P e L da),
that is,
1T (z)w(z) ™2 (1 — 2%) 740 < 00
and
IV (@) ()~ (1 = 2®) Ay < o0,
Therefore
IUW1n fllpw < CIV flipw-
i = 2): Since

((1 — g TP TP 2P (1 — :cz)_p/4w1_p/2vp> € Ag(—l, 1)

for some § > 1, the Hilbert transform is bounded from LP((1 — 22)~P/4w!~2/2yP)
into LP((1 — x2)~P/4w!=P/2UP) (it is a consequence of Theorem 3 in [N]).
Write g(y) = (1 = y*)an(y)f (¥)w(y). Then

[UWan fl

pw — HUanrng

pw
<CIUQ —a*) "V w2 Hg|lpu

< CHV(l . 332)_1/471)_1/29

pw < CV ]

pw:
i =3): It can be done in a similar way using the second Ag—condition. U

Proof of Lemma 2.
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For any interval I, write
1
I(f) = | f(z)dz.
1] Jy
The condition (uq,v1) € Ag can be written

I(U?)I(Ul_&/(p_l))p*l < C for each interval.

It is known [N] that there exists § > 1 such that (u$,v{) € A, if and only if there
is some o € A, with Chu; < o < Cyvy, where 6 and the A, constants depend on
each other. In order to prove that (estuy,e*bv;) € Ag it is enough to show that
et € A, uniformly in s.

Since o € A,, by the reverse Holder’s inequality there exists € > 1 such that
o° € Ay, As b € BMO (and also —b € BMO), by the John-Nirenberg inequality
there exists A > 0 small enough such that e® € A, for |s| < A uniformly in s, that
is, with an A, constant independent of s (see [GR]).

By Holder’s inequality with 1/e 4+ 1/¢’ =1,

I(GSbO') < I(O_s)l/el<65’sb)1/e’

and
]((esbg)fl/(pfl)) < ](076/(19*1))1/61(678’517/(19*1))1/5’.

Therefore
I(GSbO')I(<€SbO')_1/(p_1))p_l

< [I(O_E)I(a_fe/(pfl))} 1/e [I(ee’sb)l(efe’sb/(pfl)} 1/¢’ <C
for every s such that |[s| < A/e’. O
Lemma 3. Let R,S € R, a, >0, lima, =0, t € [-1,1]. Then:

a) |x —t|B(|lz —t| + a,)® € Ay(=1,1) uniformly in n if and only if —1 < R <
p—1, -1<R+S<p-—1;

b) for a product of terms of this type, these conditions are applied separately
to each factor.

For the proof of this lemma, see [GPV 2].

Proof of Theorem 3.
Coming back again to Pollard’s decomposition we have

b, Sn] = Z[b, Wi.n]

where

1 1

b, Winlf = bpnss / Pos 1 W — P / Prs fbuw,
1

-1 —

[b7 WQ,n]f = pn+1[b? H]((l - yQ)Qwa)a
[b7 WS,n]f = (1 - x2)Qn[b7 H] (pn+1fw)'



COMMUTATORS OF ORTHOGONAL FOURIER SERIES 11

We consider each operator separately.
i) Boundedness of [b, Wa p,].
Write
Ao = UP|pna|Pw and  pp = VP]gn| P(1 — 2®) P! 7P,

Now
1T, Wan] fllpw < CINV fllpw

if and only if
I[b, H]g

PAn S C||9|

with some constant C' independent of n. In order to prove this last inequality, the
idea consists in inserting weights ¢,,, that is, finding functions ¢,, such that

Pkn

Cidn < ¢ < Copy, and ¢, € Ay, uniformly

that is, with an A,-constant independent of n. By using the estimates for p, and
qn we have

D
2

Ao < CuPwy ™% (1= )5 (14 2) 40 (1 — 5+ a,) PEFD (14 34 b,) PETD,

b
2

fin > CoPwl 8 (1 = g)Ap—ata(i=p)(1 4 z)Br—0+60-p)

X(1—z+ an)p(%+%)(1 +x+ bn)p(g+%).

It is not difficult to see, from the hypothesis, that we can take a real number R
such that
Ap—p+a(l-p)<R<ap+a,

—-1<R<p-1
and choose S such that
Ap—p+a(l—p)+p(a/24+3/4) <R+ S <ap+a—pla/2+1/4),
—-1<R+S<p-1
Now, it is a straightforward calculation to verify that

C(1—2)r*(1 =z +a,) P50 < (1—2)%(1 -2+ an)®

< CO(1 —g)Arprall=p)(] _ g 4 an)p(%_i'_%).

We can also take R and S such that

Bp—p+B8(1—p) < R<bp+ 5,

Bp—p+ B0 —p)+p(B/2+3/4) <R+ S <bp+ 3 —p(3/2+1/4),
~1<R<p-1,
—1<R+S<p-—1,
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so that . N N
CA+z)P P14+ 240, Pt <A +2)B1 +2+0b,)°

< C(1+2)Br PP (1 4 g 4 b, 3 +D),

If we write
an(z) = (1= 2)* (1 -2+ ay)”,

Bulz) = (1+2)F1+2+b,)°

we have
1—p/2
CAp, < uPwy r/ Qnfn,

1—p/2
Upwl p/ Oﬂnﬂn < Clun

As
(upw%_p/z,vai_pm) € Ag

then, there exists a positive function ¢ satisfying
C’lupwi_p/2 <o < C'vawi_p/2 and (bpw}_p/z €A,
Besides, there are positive constants C; and Cs such that
Ci <¢(x)<Cy forall ze€(-1,-14¢) and z€(1l—¢g1).

On the other hand, having in mind that a,, > 0, lima,, = 0 and

—-1<R<p-—-1, —-1<R+S<p-1,
from Lemma 3 it follows
an=1-2)*1 -2 +a,)" €A, uniformly.

Also, it is clear that «,, is bounded below and above by positive constants on the
interval [—1,1 — ¢|. In a similar way we obtain that (3, € A, uniformly and there
exist positive constants C; and Cy such that C; < f(z) < Cq for all z € [-1+¢,1].
Then, splitting in pieces the integrals appearing in the A, condition it can be shown
that

On = gbpwi_pﬂanﬂn € A, uniformly.

Since the commutator of the Hilbert transform with a function b € BMO is bounded
with A, weights (see [Bl]), then

116; Hlgllp, . < CIIb; Hlgllp,g, < Cillgllp,e. < Callgllppn

and the boundedness of [b, W5 ,,] follows.

ii) Boundedness of [b, W3 ,].

We can prove that there are positive constants C7, C5 and weights 1,, uniformly
in A,, such that

CiU ()P (1 — 2°)P|gn (z)[Pw(z) < ¢n(x) < CoV ()P [pnta (2)| P (@) 7P,
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Yy € A, uniformly
and we proceed like before.
iii) Boundedness of [b, W1 ,].
[b7 Wl,n]f = Anf + Bnf,

where 1

pn+1fw7
1

Anf = (b - bQ)pn-l-l/

1
B,f = Pn+1 / (b - bQ)pn-i—lfw

—1

and @ stands for the interval [—1,1].

1
/ Pn+1fw‘
-1

paw 1Pn+1V "y 1V llpyw-

HUAanp,w = ||(b - bQ>Upn+1||p7w

< [[(b = b@)Upn 1

Let 6 > 1 satisfying the A, hypothesis, ¢ > 0, and % = % + p%s + m. From the
definitions of \,, ay,, (8, and Holder’s inequality we have

16 = 5Q)Upns1llp.w = lI(b = b@) A/,
< b~ bo)luwy " P/ 5
1—p/2151/(ps 1
< b= ba)l« NPy ™1l ** flen By -
From the A, hypothesis,
by 2P < C.
Now, € > 0 can be taken small enough so that
1
e Bullif72 < C.
Finally, from the John-Nirenberg theorem, there exists some C' such that
16— bQ)lls < C|b]]

Putting these inequalities together, it follows

(b —00)Upntillpw < C.

In an analogous way
||pn+1v_1||p’,w <C.

Thus
1UAwfllpyw < CIV fllpuw-

The operators B,, f can be handled the same as before. [
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Proof of Corollaries 1 and 2.
a) If r € R and pr + a+1 = 0, from the definition of LP>*°(z®), it is not difficult
to see

12" X 0,2 (@)l Looe 2oy = C,

for some constant C' > 0 independent of A > 0. Therefore,

1 1
Tl T P,0 (g > Cl —,
||(13 0og |x’X(0,1)(I)HL (z) Z 0og \

so that
||$T log mX(O,l)(m)HLP"’C(mO‘) = 00.

Now, if the restricted weak boundedness
b, S,] : L (w) — LP>°(w)

holds uniformly in n for each b € BMO, from Theorem 1 we have

| log uw ™2 (1= &%) | poo () < 00,

|z — ]

and

v T (1 = 2?) T ey < 00

| log o
for each t € [—1,1], since b(x) = log |z — t|~! € BMO. This leads to (3), (4), (5),
which proves Corollary 2 and, as a consequence, the only if part of Corollary 1.

b) Suppose now that (3), (4), (5) hold. From Lemma 3 and the fact that gener-
alized Jacobi polynomials belong to the class H (if o, 5 > —1/2, v; > 0) or the class
H (for any a, 3 > —1, ; > 0), it is easy to show that the hypothesis of Theorem 2
or Theorem 3 also hold. [J

3. FOURIER-BESSEL SERIES.

Let us now consider the Bessel function J,, of order a > —1 and let {a,,}52; be
the increasing sequence of the zeros of J,. The Bessel system of order o, {j}52 4,
where

Jrozé(x) = 21/2|Ja+1(an>|71=]a(anm)a n=>1,

is orthogonal and complete in L?((0, 1),z dz). Let S f denote the n-th partial sum
operators

Sof@) =Y eit(e),  er = enlf) = / W) @)y dy.
k=1 0
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Theorem 1'. Let U, V be two weights on (0,1). If there exists some constant
C > 0 such that

1Ub, SAIV )l Lor (zaz)y < Ol Lo (wday

for each n > 0, f € L?%(xdx) (where 1 < p < 00, 1 < q < oo; either r = p or
r = 00; either s =q or s =1), then,

1 _
|| log Z—al Ux 1/2HL1’W(:cdm) < 00,

1 I
||10g|x—_a|v L 1/2||ths’(mdx) <00

for each a € [—1,1].

The proof is similar to that of Theorem 1, if we replace the mentioned results of
[MNT 2] and [GPV 2] by the analogous results for Fourier-Bessel series (see [GPRV
2, Lemma 2| and [GPRV 3, proof of Theorem 3)).

In a similar way to the case of weights in the class H we obtain

Theorem 2'. Letl <p < oo, a > —1/2, U and V weights on (0,1) and b € BMO.
If
<x1_p/2U(x)p, xl—p/2V(x)p) € 4%(0,1)

for some 6 > 1 (6 =1 if u = v), then the commutator [b,S] is bounded from
LP(VPz) into LP(UPx).

The proof can be done in a similar way to Theorem 2, using Proposition 1 in
[GPRV 3] instead of Lemma 1. Also, for —1 < a < —1/2 a result analogous to
Theorem 3 can be stated. Finally, theorems 1’ and 2’ give the following result.

Corollary. Let 1 <p < oo, a > —1/2, and
Uz) =2"(1—2)" [] |z — =",
k=1

(a,b,br, € R). Then, the following conditions are equivalent:

a) [USS (U )llun(ear) < Ol Flliraas) for cach f € L¥(xdz)
b) 1SS (U )| o (ote) < Cllfl| ey for cach f € LP (xdz)
&) [USS U)o (o) < Cllfl|o(oar) for cach f € L7 (adz)

a 1 1

) ‘ 5 ‘ < 1

o,

—1l<pb<p—1, -1<pbpy<p—1(1<k<m).
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