MEAN AND ALMOST EVERYWHERE CONVERGENCE OF
FOURIER-NEUMANN SERIES
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ABSTRACT. Let J, denote the Bessel function of order p. The functions
x*"‘/2*5/2*1/2¢]a+5+2n+1(:cl/Q), n=0,1,2,..., form an orthogonal system
in L2((0,00), z**tPdx) when a + 8 > —1. In this paper we analyze the range
of p, @ and (8 for which the Fourier series with respect to this system converges
in the LP((0, 00), z*dx)-norm. Also, we describe the space in which the span
of the system is dense and we show some of its properties. Finally, we study
the almost everywhere convergence of the Fourier series for functions in such
spaces.

1. INTRODUCTION AND NOTATION
Let J,, be the Bessel function of order p. For oo > —1, the formula

e dx Onm
/ Jaromir (@) Jasomia(m) = 0 0,12,
0

r  22n+a+1)’
(see [15, Ch. XIII, 13.41 (7), p. 404] and [15, Ch. XIII, 13.42 (1), p. 405]), provides
an orthonormal system {j2}°° ; in L?((0,00), 2% dx) [L?(x®), from now on], given
by

je@) = vVat2n+ Layon (Vo) 2?7120 n=0,1,2,....

For each suitable function f, let S, f be the n-th partial sum of its Fourier series
with respect to the system {j2}52,. Series of this kind are a particular case of
series Zn>0 GnJa4n, which are usually called Neumann series, so that we will refer
to S, f as a Fourier-Neumann series. In [14], one of the authors studied the mean
convergence in LP(z®) of these Fourier series. In this context, some operators and
spaces were introduced. In this paper we extend these results and also study the
almost everywhere convergence.
For @ > —1, let us define the integral operator H, by

—OL/ [e'e)
Holf.) = S [ st o,

for suitable functions f. This is a modified Hankel transform: the (non-modified)
Hankel transform is the integral operator with kernel J, (xt)(xt)/? and unweighted
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Lebesgue measure. See [3], [12], [8] for some modified and non-modified Hankel
transforms. In the case a > —1/2, the Hankel transform satisfies

[Hafllzo(ey < Cllfllei@ey, f €Lz
with some constant C independent of f. Moreover, H, can be defined in L?(z®)

satisfying [ (Haf)gz® dz = [°(Hag) fz® dz, H2 Id, and [Hofllz2(ze) =
|fl|z2 (2 From these results and interpolation we obtain

HafllLa@ey < ClfllLe(aey, [ € LP(x)
for 1 < p < 2, where g denotes, here and in the rest of the paper, the conjugate of
p, that is, 1/p+1/g = 1.
The Hankel transform of the function j& is

Ho(jyx) = Va+2n+ 1P,(la’0)(1 — 2x)x70,1)(2),

where P,E“’ﬁ)( ) is the n-th Jacobi polynomial of order («, 3); see, for instance, [5,
Ch. 8.11, (5), p. 47] (a thorough description of Jacobi polynomials can be found
in [4, Ch. X] or [13]).

Remark. There is a delicacy with this formula. Actually, H, was defined, as a first
step, as a Lebesgue integral for suitably integrable functions. Then, H,, is extended
to LP spaces where the integral representation is no longer valid for some functions.
Now, the integrals from [5, Ch. 8.11, (5), p. 47] are improper Riemann integrals.
Hence, the proper understanding of those integrals should be

—a/2 N
lim ~ / JE)Ja(Vat)t?? dt = Va+ 2n + LP{*O) (1 — 22)x(0.1(2).

N—o0 2 0

Since j;X[o,n] is an integrable function, the integral form of H, is valid here and
we can conclude that

J\}EIlOOH (X, T) = Va+2n+ PQO)(l—Zx)X[ (),

where the limit holds in the almost everywhere sense. Finally, the LP boundedness

of the operator H,, for 42(21? < p < 2 and the fact that limy . j;X[0,n] = Jp in

L? yields Ho(j2,x) = Va+2n + 1P7(La’0)(1 —2x)X[0,1](®) in LP. Similar comments
apply to Lemma 3 below.

Since the Hankel transform of j& is supported on [0, 1], not every function f €
LP(z%), 1 < p < 2, can be approximated in norm by its Fourier series Sy, f. As a first
approach, any such function should, at least, have its Hankel transform supported
on [0,1]. But we also deal with spaces L?(z*), p > 2, where H,, is not defined and
so, we need to describe the functions that we want to approximate in a different,
but, in some sense, similar way.

The main tool here is M, the multiplier for the Hankel transform. For v > —1/2
and —1 < (a+1)(3 — 7) < 7, M, is a bounded operator from LP(z®) into itself
(this is known as Herz’s theorern see [7]). Also,

Ha(Maf> = Ha(f)X[O,l]
for f € LP(z®) N L*(2®), M2f = M, f for f € LP(z*) and

/ " () Ma(g, 2)e® do = / " (@) Ma(f, ) de (1)
0 0
for f € LP(z®) and g € L(z%).
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Definition 1. For each a and p with o > —1/2 and —% < (a+1)(3 — I%) <1 let
us define the LP(x®) subspace

Epo={f€LP(z%): Mof = f} = Mo (LP(2%)).

It is clear that, for f € E,, N L?(z®), the Hankel transform of f is supported
on [0,1] and so these spaces are suitable for our purposes. The spaces E, , have
some interesting properties: For s <r, E, , C E,, and the inclusion is continuous
and dense. Besides, the dual space is (Ep o) = Eq q-

Let us also consider, for each « > —1 and each suitable p (we will go into the
details later), the LP(x®) subspace

By« =span{js(z)}s2, (closure in LP(z%)).

In [14], one of us showed that S, f — f in the LP(z*)-norm for any f € By q, if

a>—1/2 and
4 4a+1) . 4(a+1)
- — 7 47 .
max{g, %0 +3 }<p<m1n{ et [

moreover, for this range of p, we showed that By o = Ej, o. Therefore, {55} is
a basis for the space E, o. By the way, notice that for a > —1/2,

Ala+1) 1 11
kSl _ Nz
rat3 <P 4<(a+)<2 p)’

20+ 1 2 p 4

Our purpose in this paper is to improve and extend these convergence results,
and show additional properties of the £, , spaces. In particular, we find some
conditions on «, (3, and p under which the functions jo*? (n = 0,1,2,...) are a
basis for I, . For instance, 3 can be taken so that a4+ (3 is half an integer, which
makes the functions j2# better known. The almost everywhere convergence of
S, f is studied, as well.

Also, we can interpret the convergence in the following way: changing the param-
eters, we take {ji }°° ,, which is orthogonal in L?(z*), and we study the convergence
in LP(z*). This is a typical situation in the study of mean convergence of Fourier
series. For instance, in the case of Jacobi polynomials {P,Sa’ﬁ ) (x)}22,, Pollard [10]
studied the convergence in the natural space LP((—1,1), (1—z)*(1+x)?) and, later,
Muckenhoupt [9] described the behaviour in LP((—1,1), (1 — 2)%(1 + x)®). Similar
situations occur with other orthogonal systems (Laguerre, Hermite, Freud weights,
Bessel and Dini).

We are interested in the approximation of functions in LP(z®) by Fourier series
in the system {j2t91> . So, our first target is to determine the range of p, o, and
3 for which jo+# € LP(z%) for all n € N. We do this in section 2.

In section 3 we state some of the main results of this paper: the uniform bound-
edness and convergence of the partial sum operator of Fourier-Neumann series. The
proofs are given in sections 6 and 7. The mean convergence can only hold for func-
tions in the closure of the linear combinations of the functions jo*#. In section 4
this space is shown to coincide with E, , under some conditions on p, o, and 3.
Some applications are given in section 5.

Throughout this paper, unless otherwise stated, we will use C' (or C7) to denote
a positive constant independent of n (and all other variables), which can assume
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different values in different occurrences. Also, in what follows, a,, ~ b, for a,, b, >
0, means C < a,, /b, < Cj.

2. THE SPACES B, o 3

We will use here the well known estimates (see [4] or [15, Ch. III, 3.1 (8), p. 40]
and [15, Ch. VII, 7.21 (1), p. 199])

) = oy HOW, w0 ©)
and
Ju(z) = % [cos (:r - '%T - %) + O(x_l)] , @ — 00. (3)

Lemma 1. Let a > —1, 1 < p < co. Then, j¢ € LP(z°) for alln = 0,1,2,... if
and only if b> —1 and —1 < (b+1) (% — %) + 92 Purthermore, in this case,

2

nf(a+1)+2(b+1)/p7 pr < 4,
75l Lo (@ry ~ § n=Ee=tT0/2(logn) /4, if p =4,
- G/6a /D) i p > 4,

Proof. Inequalities b > —1 and —1 < (b+1) (% - %) + 252 follow from (2) and (3).
Then, estimates such as (12) below (see [1] and [2]) show that |55 || r(5+) is bounded
above by a constant times the right hand side. The lower bound follows from more
precise estimates for the Bessel functions, as shown in [1] and [2]. For a similar
expression, see [11]. O

As a consequence, the following definition makes sense.

Definition 2. For each «, 8, and p with a > -1, a+ > —1, 1 < p < o0, and
1 1 1\ B
_Z n(=z_-= Lt
4<(0Hr)<2 p>+2’

Bpap= span{jf{*ﬁ(x)}%o:o (closure in LP(z%)).

let us define

Note that we assume o > —1 in the definition of B, , g; however, we require
a > —1/2 for E,,. Actually, the boundedness of M, can be studied also for
o > —1, so that the definition of E, , can be extended to the whole range oo > —1.
But in the case o < —1/2, the H,, transform does not have as good properties as in
the case a > —1/2. As a consequence, the spaces E, o do not behave for o < —1/2
like for &« > —1/2. Thus, some of the results in this paper will be established for
a > —1, but we will require & > —1/2 when E, , appears.

The following Lemma, proves that B, o C Bj .3, under some conditions on «,

08, and p.
Lemma 2. Leta > —1, a+ 3> —1, and 1 < p < 4 such that

-1 11y 18
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Then,
o0
. .o+
37? = E Qn,kJ} (4)
k=n

pointwise and in LP(x®), where

2P Va+m+1a+B+2k+1I(1-3)T(a+B+k+n+1) 5)
Ik = TA+k-mT(1-B—k+n)(atk+n+?2)

Remark. If € N, then I'(1 — 8)/I'(1 — 6 — k + n) should be replaced by —3(—5 —
1)(—=f—-2)...(1 =B —k+n) in formula (5).

Proof. The pointwise convergence and (5) follow from [15, Ch. V| 5.21 (1), p. 139]
(conditions o > —1 and a + 8 > —1 are required). Strictly speaking, condition
B ¢ N should also be assumed, following [15]. But this is only a formal requirement
to get ay, in the form of (5).

For the LP convergence, we need only prove that the series converges: that the
sum is precisely jo will then follow from the fact that this holds in the almost
everywhere sense.

If 5 is an integer, then there are only finitely many a,, ; # 0 and the series in (4)
is a finite sum. If 8 is not an integer, Stirling’s formula for the Gamma function
gives, for each fixed n,

|an,k| ~ k2673/2a k — oo.
Also, from Lemma 1, p < 4 and _Tl <(a+1) (% — %) + g, we have

152HP Lo ey ~ ke (@FBTDH2A4D)/p,

These estimates and =} < (o +1) (% - l) - g prove that

P
oo
D lan il 177 leo ey < oo
k=n

O

3. UNIFORM BOUNDEDNESS AND CONVERGENCE OF FOURIER-INEUMANN SERIES

Let us consider the partial sums of the Fourier series with respect to the system
{ngrB Foto
n

Sf.0) =S alNiE @, al)= [ it e

k=0

We are interested in the study of the uniform boundedness of the partial sum
operators

Sp: LP () — LP(x®).

Our result is the following:

Theorem 1. Let o > —1, a+ 3> —1, and 1 < p < oo. There exists a constant
C > 0 such that

1SnfllLr@ey < Cllfllerzey, f€LP(x*), neN,
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if and only if% <p<4and

a+8+1 1 1 3

1 1\ 8 1

—- D(---)+2<-.

<(oz+)<2 p>+2<4

Proof. See section 6. (]

Corollary 2. Leta > —1, a+ > -1, 4 <p <4, and
a+8+1 1 1 163
L A i e N(=Z-= L
5 < (a+ )(2 p>+2’

1 1 1\ 8 1

—- D(---)+2<-.

4<(a+)<2 p>+2<4

Then, Spf — f in LP(2*) for all f € By o s.

Proof. By «,p is the closure in L”(2®) of the orthogonal system, so this is just a
standard consequence of Theorem 1. O

Regarding the almost everywhere convergence of Fourier-Neumann series, we
have the following.

Theorem 3. Leta > -1, a+ (> —1, % <p<4, and

_L’B—i_l<(a+1) (;_;>+’§’

1 1 1 6 1
—= Hl=z—- =< -,
4<(a+)<2 p>+2<4
Then, S, f — f almost everywhere for any f € B, o 3.
Proof. See section 7. O

4. THE HANKEL TRANSFORM OF ORDER « FOR jotF
AND THE SPACES B, o3 AND L,

Theorem 1 and Corollary 2 are more interesting if we can describe the space
Bp.o,g. In this section, we will find some conditions under which B o g and Ej, o
coincide.

As we pointed out, the Hankel transform of order « for j can be written in terms
of the n-th Jacobi polynomial of order (a, 0). It is not difficult to obtain H,, (j&+#)
from known results about integrals of products of Bessel functions that can be
expressed in terms of hypergeometric oF; functions. But the relation between
Hea(j21P8) and the Jacobi polynomials of order (a,3) is not easily found in the
literature. For instance, it does not appear in the standard references [4, 15, 5].
For the sake of completeness, in this section we obtain H, (j27#) explicitly in terms

of PT(LO"B).

Lemma 3. Fora,8 > -1 witha+ 0 > —1,

. — 2 1r 1
Ha (i, @) = 27 ALt it (1 — )P L) (1 = 22)x10 1 ().

In particular, supp(H(j27)) C [0, 1].
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Proof. We use the formula

/OO t=> T, (at)J, (bt) dt
0

bua)\—l/—ll"(”‘""f_)“*‘l) . p+v—A+1 v—A—p+1 ,52
= Mou—v+1,y 241 ; v+ 1’ 2] (7)
AL (v + 1) (Atesrtl) 2 2 a

valid when 0 < b < a, pu+v — A > —1 and A > —1; here, oF; denotes the
hypergeometric function (see [5, Ch. 8.11, (9), p. 48] or [15, Ch. XIII, 134 (2),
p. 401)).

Taking ¢ = 1 and 2 = b? in (7), and making the corresponding changes of
variable and parameters (v = a, p=a+ 0+ 2n+ 1, A = () we get

. V4 r
Hoc(.]s+ﬂa .13) = éz;&iiill)é?;f:;l) 2F1(a +n+ 17 -n - ﬂ? o+ 13 Q?),

which is valid for « > —1 and 8 > —1 in the interval 0 < x < 1. Now, we have
sFi(a+n+1,—n—Bia+liz)=(1-2)" 2R (-n,a++n+1la+ 1),
where o, 3 > -1, n=0,1,2,..., and

PR () = %Qﬂ(—n,a—kﬁﬁ-n—k La+1;5%), a,8>-1

Therefore,
.o a+B+2n+1T'(n+1 «@
Ha (i 0 @) = YOt (1 - 2) PP (1 - 20), @ € (0,1).

Now, let us calculate H,(j2178,2) for x > 1. To do that, let us take z = a2,
b=1l,v=a+8+2n+1, p=a,and A = 8 in (7). In this way, %(/\—i—u—u—i—
1) = 0,—1,-2,..., so the coefficient 1/T'(3(A + p — v + 1)) vanishes and we get
Hao (jOH5,2) = 0. O

Theorem 4. Let « > —1/2, 8> —1/2, 4/3 < p, with

1 1 1 1
— Dl=-=)<-=.
4<(a+)<2 p><4

If p < 2, assume further

Then Bpap = Epa-

Proof. Case p =2. The spaces By o g and Es o are well defined. Also M, (jathy =
jo+P. In other words, By o3 C E3 . If they were not equal, by the Hahn-Banach
theorem there should exist some T € (Ea,), T # 0, such that T(jo*+#) = 0 Vn.
But (E3,4)" = E2 4, so there exists ¢ € Ea o, ¢ # 0, such that fooo 0jetPrdr =0
for every n. Then

0= / i P du = / (Ha®)(Hajn tP)a® dx
0 0
1
=k, / (Ha@) PP (1 = 22)(1 — 2)P2* da
0

for every nonnegative integer n. Now, the Jacobi polynomials pLF )(x) are a
complete orthogonal system with respect to the measure (1 — 2)®(1 + z)? dz on
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(=1,1). A change of variable proves that the polynomials pLes )(1 — 2z) are a
complete orthogonal system with respect to the measure (1 — 2)’z® dz on (0, 1).
Thus, Hap = 0 on (0,1). Since ¢ € Es,, we also have Hap = 0 on (1,00).
Therefore, H,p = 0 and we arrive at the contradiction ¢ = 0.

Case p > 2. Note that «, 3, and p meet the requirements of Definition 2. Also,
by the preceding case, we have jf;*ﬁ € By o C Epo. Thus, By o g C Epq.

Now, let f € E, . Given € > 0, there exists a function g € L?(z®) N LP(z*) such
that || f — gllze(ze) < . Let h = Myg; then h € L*(z*) N LP(2*) and Moh = h,
sothat h € Ey o N Ep o = Baap N Epq. Since M, is continuous, || f — Al pe(ze) =
Mo f — Magllreey < Ce. As h € By o g, there exists h' € span{jdT7}22 ) such
that ||h — h'|[12(zey < €. The inclusion Ea o C Ep o gives ||h — h'||1p(zey < Cie,
so that, by the triangle inequality, ||f — A zr(zey < Coe. This gives the inclusion
Ep,a - Bp’a,g.

Case p < 2. By Lemmas 1 and 3, jo+# € L2(2%) and H, (j2*7) is supported on
[0,1], so that M,jo*# = jo+P. Since joT# € LP(2*) by Lemma 1, it follows that
jot8 € B, o. Therefore, By o5 C Ep -

The equality will follow if we prove that the only operator T' € (E, o)’ such that
T(f)=0forall f € ByqapisT =0. For such an operator, we have T(j&) = 0 for
every n > 0, since jo € Bp o, by Lemma 2. On the other hand, by the duality
(Ep.o)' = Eq o, where 1/p+ 1/q = 1, there exists some ¢ € E, , such that

T(f)= [ efa"dn, f€Epa
0
In particular,
o0
/ ejrx®der =0, n>0. (8)
0

Under the present conditions on p and a, the preceding case gives By .0 = Fq,a,
so that ¢ € By a,0. This, together with (8) and Corollary 2, gives ¢ = 0. O

5. APPLICATIONS

Some properties of the spaces E,, can be obtained from Theorem 4. Two
examples will be given here, after this preliminary result.

Corollary 5. Let « > —1/2, 8=0 and 4/3 < p < 4 verifying

1<(+1)11<1
4 =\ 2 p) S w

Then, Spf — My f in LP(x®) and almost everywhere for all f € LP(z%).

Proof. Let f € LP(z*), and so M, f € E, . Then, by Theorem 4 and Theorem 3,
Sp(Muf) — My f in LP(2*) and almost everywhere. So, we only need to show that
Sn(Muf) = Sn(f), and this is clear because, by (1),

/ (Mo f)ja Pz da = F(Mpjo Pz da = / fiatPa® dz.
0 0

0
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Corollary 6. Leta > —1/2, —1/2 < <1,4/3<p <4 witha+ 5> —-1/2,

1 1 1 1
i I —— —
4<(oz—|-ﬂ+ )(2 p><4,

1 1 1 1 1 11
max{—47_4_§’_a'2" _5}<(a+1) (2_1)) <min{4,4—§}.

If p < 2, assume further 3 < 1/2 and —% + g <(a+1)
Then, E, o N LP(2°78) C Ep 045

Proof. Let f € Ep o N LP(x**?). By Theorem 4 and Theorem 3, S,,f — f almost
everywhere. Since f € LP(x®*F), Corollary 5 (with o + 3 instead of a) gives
Snf — Maipgf almost everywhere. Then, f = M, gf almost everywhere, that is,

fe Ep’aJ’»ﬁ. (]

Corollary 7. Leta > —1/2, 8 € (—%, %), 4/3 <p <4 witha+ > -1/2,

1 1 B a+1 1 1 (11 B

- _P_ _ n(z_=2 ZZ_F

max{ 11 5 ﬂ}<(a+ )(2 p)<mm{474 2},

1 1 8 a+l 3 11 (11 B
I Z N(z--> Soq 2t
max{ 1Ty +2}<(0‘+5+ )(2 p><mm{4’4+2}

Ifp <2, assumefurther—i—i—g < (a+1) (% — %) and—i—g < (a+5+1) (% — %)
Then, E, o N LP(2978) = B, 045 N LP(2%).

Proof. The inclusion “C” is clear by Corollary 6. The inclusion “2” follows also
by Corollary 6 with o + (§ instead of «, and 3 instead of —(. O

Theorem 4 gives different basis for E, , for different values of 3. It seems in-
teresting to obtain the expressions for the change of basis between {j¥}52, and
{Ja P}, in Epa-

Corollary 8. Leta > —1/2, —1/2< 3 <1, 4/3 < p < 4 with

1 1 1 1 1 11
max{—4,—4—§,—a—2i_—ﬂ}<(a+l) (2_]7) <min{4,4—§}.

If p < 2, assume further —% + g < (a+1) (% - %) Then, both {j2}22, and
{jotPye | are bases of the space E o and the change of basis is given by

oo oo
3= ankip ™ P = bt
k=n k=n

where
W BVa+2n+1vVa+B8+2k+1T1-B)T(a+B+k+n+1)
k= Tl+k—n)T(1—8—k+n)T(a+k+n+2) ’ o)
; 27 at+on+1vVa+2k+1T(1+ 3T (a+k+n+1)
n,k —

e Fl+k—n)TA+8—-k+n)T(a++k+n+2)
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Proof. By Theorem 4, By oo = Epq, so that j& € Ep . Also, by Theorem 4,
E, o = By . Then, Corollary 2 gives Syjo — j& in LP(xz®) as N — oo, that is,

oo
35 =" an g™’
k=0
in LP(z%), where

o0
g = / jejetPaote dg,
0

In a similar way, jo*° € B, o 3 = Bpa,0 and jo7 =377 by ki in LP(z®), where
(o)
b= [ 30t da.
0

Finally, [15, Ch. XIII, 13.41 (2), p. 403] gives ay, t = bk = 0 for k¥ < n and (9) for
k> n. O

Similar expressions for the change of basis between different bases {j2+#}%
and {j2+F"}°° in E, , can be obtained. Details are left to the reader.

6. PROOF OF THEOREM 1

6.1. Necessary conditions. Let us begin by showing that conditions (6) are
necessary for the uniform boundedness in Theorem 1. Assume S,, is uniformly
bounded. Then the operators given by

Tn(fa .’E) = Sn(f?m) - Sn—l(f7 l‘) = JS+5($) /00O f(t)33+6(t)ta+ﬂ dt

are uniformly bounded as well, i.e.

ITnfllLe (o) = '/0 F)TPeet? dt‘ 155 N ooy < CllfllLogon)

with a constant C independent of n and f. By duality, this means
187552 Lagey 5P o @y < C,

where 1/p+ 1/¢ = 1. Taking n fixed (it suffices n = 0) and applying the first part
of Lemma 1 gives (6). Now, provided (6) holds, the norm estimates of Lemma 1
give
p~(atB+1)+2(at+1)/p if p <4,
15572 o (gay ~ § n~(@F28+D/2(log n) /4 if p = 4,
n~(3/6+atB)+(6at+4)/(Bp)  if p > 4,

and

n~(@=B+)+2(at+1)/q, if g <4 (ie., p>4/3),
27528 La(uay ~ § n=@=284D/2(log n) /4 if g = 4 (i.e., p = 4/3),
n~(6/6+a=F)+6at)/(Ba) - if ¢ > 4 (i.e., p < 4/3).

This implies 4/3 < p < 4.
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6.2. Sufficient conditions. Let us now assume % < p < 4 and (6), and prove the
uniform boundedness of the partial sum operators S,,. They can be written as

/ FO Ky (x,t)t* P dt,  where Z]‘Hﬁ O‘+ﬁ (t).

The next lemma gives a suitable decomposition of the kernel Kn(m, t) associated to
Sp. For a similar formula, with a different proof, see [14].

Lemma 4. Letn € N and A > —1. Then

n

D 200+ 2k + 1) Jagoki1 () Iarorsa (£)
k=0
xt
BT [wx1(2)Ia(t) — tIa(@) Irsa(t)
+ 25\ on o (@) Iatant2(t) — tIagont2(@) I3 oo ()]
Proof. Using the equality J,—1(2)+J,41(2) = 2£J,(2) (see [15, Ch. III, 3.2, p. 45])
to express J,_1 and J,4 in terms of J, and J,41 yields the formula

xt

22 [xJu(x)Ju—l(t) - t‘]u—l(z)Ju(t) - zJu+2(x)Ju+1(t) + tJu+1($)Ju+2(t)]
= 2pJy () (t).
This now gives

n

D200+ 2k + 1) Jagokr1 (€) Iarorsa (£)
k=0

xt
BT [wxt1(2)Ia(t) — tx(@) Irsa(t)
— xxv2n13(T) Inyanta(t) + tInront2(®) Iarants(t)].

Finally, use the formula zJ,11(2) = vJ,(z) — 2J,(2) (see [15, Ch. III, 3.2, p. 45])
to take out Jyyon+3- O

From the definition, we have

Sa(f @) = @= /20212 /OO (Z(a + B4 2k +1)
0 k=0

otk (VA o s (V) )12/ )

so that Lemma 4 with A = o + 3 leads to
Snf = Wlf - WQf + WS,nf - W4,nfa

where
Wi(f, o) = g2 2702 (@2 H (1202 0, g (82) £ (1), ),
Wa(f, @) = 3a= /272y (2 /?) H (1°/240/212 ), +ﬁ+1(t1/2)f(t)v$)a
W3,n(f, x) _ %x_o‘/Q_B/QH/QJ{,(xl/Q) (ta/2+ﬁ/2J t1/2 ’$)7
W4,n(f, x) _ %xfa/zfﬁ/zjy(xl/z) H(ta/2+,3/2+1/2J/ t1/2 ,x)
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and v =A+2n+2 =a+ f+ 2n + 2. Here, H denotes the Hilbert transform on

(0, 00), which is defined by
> gt
H(g,x):/ 9(t) dt
0

r—t

(the integral must be considered as a principal value).

Thus, we can conclude that the partial sum operators S,, are uniformly bounded
if we can prove that the operators Wi, Wy are bounded and the operators Ws ,,,
Wy, are uniformly bounded for n > 0. We will use good estimates for the Bessel
functions and the A, theory of weights to prove the boundedness of the Hilbert
transform.

Let us start with the bounds for the Bessel functions and their derivatives.

From the estimates (2) and (3) it follows that, for p > —1,

|Ju(z)| < Cpat,  xe(0,1], (10)
| Ju(x)| < C’Hx_l/Q, x € [1,00), (11)
with a C), constant depending on .

Moreover, we will need bounds for the Bessel functions Ju4g42n+2 (and their
derivatives) with constants independent of n. So, we will make use of the bounds

~1/4
|, (z)] < Ca /4 <|JC — v+ 1/1/3> , x € (0,00), (12)

1/4
T (@)] < Ca¥ (lz =] +01/2) ", e (0,00), (13)

with some constant C' independent of v. They follow from those of [1, 2], for
instance, and were already used in [14].

6.3. Some results on Hilbert transforms and A, theory. To analyze the
boundedness of the Hilbert transform, some notation and previous results will be
necessary. As usual, for 1 < p < oo we write ¢ = p/(p — 1), ie., 1/p+1/q = 1.
A weight is a nonnegative Lebesgue-measurable function on (0,00). The class
Ap(0,00) [Ap, for short] consists of those weights w such that, for every subinterval

1< (0,00), )
(o) (G foe) ™~ <

where C is a positive constant independent of I, and |I| denotes the length of I.
The A, constant of w is the least constant C' verifying this inequality and will be
denoted by A,(w). We refer the reader to [6] for further details on A, classes.

Fix 1 < p < oo; then the Hilbert transform H is a bounded linear operator on
LP(w), for any weight w € A,. The norm of H: L?(w) — LP(w) and the A,
constant of w depend only on each other, in the sense that given some constant C'
which verifies the A, condition for w, another constant C'; depending only on C
can be chosen so that ||H| < Ci, and viceversa. Therefore, for a sequence {wy, }nen
uniformly in A, i.e., with some constant C' verifying the A, condition for every
Wy, the Hilbert transform is uniformly bounded on LP(w,,), n € N.

Let us see some auxiliary results related with A, weights:

Lemma 5. Let u, v, w be weights on (0,00) and v be a positive constant. Then
(a) w(z) € Ay if and only if w(yx) € A,; both weights have the same A,
constant.
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(b) w e A, if and only if yw € A, ; both weights have also the same A, constant.

(c) Ifu,v € Ay, thenu+v € Ay and Ap(u+v) < Ap(u) + Ap(v).

(d) If u,v € A, and 1/w = 1/u+ 1/v, then w € A, and A,(w) < C[Ap(u) +
Ap(v)].

Proof. Parts (a) and (b) are trivial. Part (c) follows easily from the inequality

(o) <mmf G o) G )

Part (d) is a consequence of (c) and the fact that u € A, <= u~ 9P € A,, with
Aq(u_Q/p> = [Ap(u)]Q/p' i
The proof of the next lemma is not difficult, but cumbersome, so we omit it. For
the weight in (c), observe that z”|z'/? — 1|* ~ 2" near 0, z"|z'/2 — 1]* ~ |z — 1|°
near 1 and 2"|x/2 — 1]® ~ 2"7%/2 near oo, whence the three conditions follow.
Lemma 6. Let r,s € R. We have
(a) 2" €4, — —-1<r<p-1.
(b) Set ®(x) =" ifz € (0,1) and ®(z) = 2° if x € (1,00). Then, & € A, if
and only if —1<r<p—1land -1<s<p-—1.
(c) a"|zt/2 - 1P € 4, &= —-1<r<p-1, -1<s<p-1and—1<
r+s/2<p-1.
To simplify the notation, in the rest of this section we write A = a + § and
v=a+p+2n+2.

6.4. Boundedness of the operators W; and W5. From the definition, it follows
that

Wi fllLe ey < Cllfllpe e
if and only if

I3l Lr(ze—rpr240/21 5311 (2172)) S ClIl| Lo @a—r072)05 @172)) )
Proving that there is a weight ® € A, with

Ca® WP Ty (21 2)|P < D(2) < Cra® P2 5 (21 /2)| 7P (14)
will be enough. According to the bounds (10) and (11), we have

Cgotp if z € (0,1)
a—Ap/2+p/2 J 1/2yp < ) y+)s

“ [Dra(@ O < {Cxaw?“’/‘*, if € (1,00),
Cxo=p if x € (0,1)
a—Ap/2 1/2\|—p ) s+ )

x | Ix (27 /5)[ 7P > {Caja)\p/2+p/4’ if z € (1, 00).

Let us try
_)an, if z € (0,1),
(I)(.I) - {.,L,a—)\p/2+11/4’ ifre (1700)
By (b) in Lemma 6, conditions (14) and ® € A, will hold if
a=p<r<a+p,
—-l<r<p-1, (15)
—l<a—-Ap/24+p/d<p-—1.
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The third line is equivalent to

1 1 1\ 8 3
1 <(a+1)<2 p>+2 <7
which follows from (6). For the inequalities in (15) involving r, it suffices to show
that
max{—1,a — A\p} < min{p — 1, + p}.
This follows from o > —1, a+ 8 > —1, 1 < p < 00, and (6), as well. The case of
W, is entirely similar.

6.5. Uniform boundedness of the operators W3 ,,. Here,

IWanfllor@ey < ClfllLe e
if and only if

HHQHLp(ma—xp/zw/z\J;(zl/z)\p) < CHQHLp(xaﬂp/zul,(ml/z)\w)-
From the bounds (13) and (12),

xa—)\p/2+P/2|Jllj(xl/2)|p < Cxa—)\p/2+p/8 |:|£L'1/2 _ V| + 1/1/3:|1"/47

xa—kp/ley(xl/Qﬂ—p > O p/2+p/8 [|x1/2 oy V1/3:| p/4.

It will suffice to prove that ¢, € A, uniformly in n (recall that v = a+ 5 +2n+2),
with .
SDV(‘T) _ xa—/\p/2+p/8 {|x1/2 _ I/| + V1/3}P/ .
From Lemma 5, we have
¢, (7) € Ay unif. <= ¢, (V%) € A, unif.
p/4

= gOTP/2Hp/8 [|x1/2 1]+ 1/*2/3] € A, unif.

= g AAP/E |2 P/ TR 6pam /2408 ¢ A i,
where the last equivalence follows from

|x1/2 1+ sz/gr/zl N |x1/2 . 1|p/4 4+ P/6,
Now, Lemmas 5 and 6 prove that those weights belong to A, uniformly.

6.6. Uniform boundedness of the operators W, ,. Finally,
Wanfllor@ey < CllfllLeae)
if and only if

||Hg||Lp(g;&—/\P/2|JV(g;1/2)|P) < C”Q”LP(::;CY—APN—P/?|J{,(z1/2)|—P)-
Also,

xa—kp/2|JV(xl/2)|p < Cxa—)\p/Z—p/S [‘1‘1/2 _ Vl + V1/3:| 71’/47

p/4

9

xa—)\p/Q—p/2|Jlll(xl/2)|—p > Cp@P/2-p/8 [‘xl/Q |+ V1/3:|7

so let us put

(@) = 2o W/ |12 | 419 i
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and show that ¢, € A, uniformly in n. Indeed,
Y, (z) € Ay wnif. <= 1, (v*x) € A, unif.

—p/4
2@ Ap/2-p/8 {|x1/2 — 1|+ V*Q/B} P € A, unif.
and

(xa—)\p/Z—p/S [|l‘1/2 . 1| + V—2/3} 7?/4)71
o AP/ 2+D/8 “xl/z L ,,—p/s]

1

b

_ {xa—xp/z—p/%l/z _ 1|—p/4} L {Vp/ﬁxa—m/a—p/s B

so that Lemmas 5 and 6 lead to the desired conclusion. The proof of Theorem 1 is
now complete.

7. PROOF OF THEOREM 3

We only need to prove that S, (f,z) converges to some g(x) almost everywhere.
This, together with Corollary 2, gives ¢ = f almost everywhere. Now, recall that

Snf=>7r0 ck(f)j:'w, where
alf) = [ 50 o ar

It follows from Lemma 1 that 2730 € L(2*); moreover, [|27j27 || pa(za) < Cn®
for some constant 6 = §(p, o, 3). Thus,

len (A < W llpr@ell2?55H P || Lagoey < Cllf Lo ey n°.

Now, according to [15, Ch. III, 3.31 (1), p. 49] we have

27 VY
y S —1/2.
NS oy VY
Therefore,
e _oatp+tl
et (@) = Va+ B+2n+1 [Jagsronsr(VT) 27 2

cYatB+2n+1 2~ (aFB+2nt1)n

- a4+ B+ 2n+2) ’
so that

n5+1/2(1‘/4)"

len(£)in ™ ()] < Cllfll e (o) T(a+ 3+ 2n+2)

and the series Y>>0 ¢, (f)7i2HP(x) converges.
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