ASYMPTOTIC BEHAVIOUR OF ORTHOGONAL POLYNOMIALS
RELATIVE TO MEASURES WITH MASS POINTS.
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Abstract. General expressions are found for the orthonormal polyno-
mials and the kernels relative to measures on the real line of the form
p+MS5,, in terms of those of the measures du and (z—c)?dy. In particu-
lar, these relations allow us to obtain that Nevai’s class M (0, 1) is closed
for adding a mass point, as well as several bounds for the polynomials
and kernels relative to a generalized Jacobi weight with a finite number
of mass points.

60. Introduction.

Let p be a positive measure on R with infinitely many points of increase and such
that all the moments

/x”du (n=0,1,...)
R

exist. Then, there exists a unique sequence { P, },>0 of orthonormal polynomials

P, (z) = k" + ..., k, >0
such that .
/ P, Pody = {0’ if 7 m;
R 1, ifn=m.

As usual, {K,(x,y)}n>0 denotes the sequence of kernels associated to y, that is,
Kn(z,y) = Pi(x)P;(y).
§=0

It is well known that the polynomials { P, },,>0 satisfy a three-term recurrence relation
2Py (x) = aps1Pry1(x) + bn Pr(x) + an Pr—1(z), n >0,

where P_; =0, a,, = ky,—1/ky, and

b, :/RSCPn(SL‘)Qd/L(.I').
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A particularly important class of measures is Nevai’s class M (0, 1) consisting of those mea-
sures p for which lima,, = 1/2 and limb,, = 0 hold. For such a measure, the polynomials
n n

{P,}n>0 have the so called ratio asymptotic property. We refer the reader to [7], [4], [8] for
further details on M (0,1). We must remark that every measure p with supp p = [—1, 1]
and p/ > 0 a.e. on [—1,1] belongs to M(0,1) (see [9], p. 212, or [4], theorem 10). Here, y’
denotes the absolutely continuous part of p.

An interesting problem in the theory of orthogonal polynomials is that of finding
asymptotic estimates for {P,}, their leading coefficients {k,}, the sequence {K, (z,z)}
(x € supp i), etc. (see, for example, [10] and [5] for Jacobi polynomials, [2] and [7] for
generalized Jacobi polynomials, [1] and [6] for Laguerre and Hermite; general results can be
found in [9], [7], etc.). We will study this problem for orthonormal polynomials associated
to modification of measures by mass points.

Let M be a positive constant and let J. denote a Dirac measure on a point ¢ € R,

that is,
/ £6. = f(o)
R

for every function f. Then, associated to the measure v = u+ M, there exists a sequence
{Qn}n>0 of orthonormal polynomials. We will find expressions which relate the sequences
{Q.,} and {P,} in order to deduce estimates for {Q,,} whenever they are known for {P,}.
A precedent of this type of results is Koornwinder’s paper [3], where it is considered the case
of Jacobi weights modified by two delta functions at 1 and —1. Koornwinder obtained an
explicit formula which relates the new polynomials with the Jacobi polynomials and their
derivatives (which are Jacobi polynomials again). This point of view is useful in order to
get second order differential equations satisfied by the new polynomials. However, our main
interest is addressed to study the convergence of Fourier series relative to modifications of
Jacobi (and more general) weights by a finite number of mass points on all the interval
[—1,1]. In this sense, it is more useful to find relations which involve the polynomials
{P,}, {Q,} and the polynomials orthonormal with respect to the measure (z — ¢)?du(z).

The organization of this paper is as follows: in §1 we obtain algebraic relations among
the different sequences of orthogonal polynomials and kernels for general measures. When
suppp = [—1,1] and u € M(0, 1), these relations provide a good information about their
asymptotic behaviour. As an application of the previous results, in §2 we obtain several
estimates in the particular case of generalized Jacobi weights.

§1. General results.
The following notation will be used from now on:
dpe(w) = (z — ¢)*dp(x);
{P¢} is the sequence of orthonormal polynomials relative to u;
PS(z) =kia™ + ..., kS > 0;

{K¢:(x,y)} is the sequence of kernels relative to p°.
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Lemma 1. With the above notation,
k kS

Kp(z,c) = k—jpn(c)Pg(x) — k”:PnH(c)Pg_l(x) Vn > 1.

Proof. We can put
) =) a;P(x)
=0

with
aj = /RKR(LL‘,C)P]-C({L’)(I —¢)%du(z).

Therefore, we only need to show that

k.C
TR b g =

Part a) can be obtained by looking at the leading coefficients. Part c¢) is an easy
consequence of a well-known property of the kernels K,: if R, is a polynomial of degree
at most n, then

a) o = P, i1(c); c)a;j=0,j=0,1,...,n—2.

kn+l

/K z,c)Ry(z)dp(z) = Ry(c).

In order to prove equation b), we use Christoffel-Darboux formula (see [10], for example)
and the orthonormality of {P } with respect to p:

- 1_/K 2,0)Pe_ (2)(x — ¢)2dp(x /[K z,6)(x — O)[PE_, (2)(x — ©)ldp(z)

_ / - [Pu0Pan (@) = P (0 Pu@)] [Pl (1) — o))

=@ [ Pu@IP @) = ) =~ P (0

kn+1 n+1
and the lemma is proved.

In order to find bounds for the orthogonal polynomials and the kernels, it is important
to know the size of the coefficients which appear in the formulae we are going to deal with.
In the case of measures in M (0,1), we have:

Lemma 2. Assume supp u = [—1,1], u € M(0,1). Let c € [-1,1]. Then

k,, 1 kS 4 1 kn,
— =, lim = —, lim =1.
n— oo k% 2 n—oo kn+1 2 n—oo kfl 1

Proof. The first limit is a consequence of a result of Maté, Nevai and Totik (see [4],
theorem 11), from which it follows
kS 1 [ )
lim - = exp(—— log(cost — c¢)=dt).
0

n— 00 k 47

It is not difficult to see that the integral is equal to —4mlog2, for every ¢ € [—1,1].
The other limits can be obtained from the first one, since from our hypothesis it
follows that k,_1/k, = a,, — 1/2. The lemma is proved.
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Lemma 3. Let pu be a measure on R and n > 1. With the above notation,

N AR AT
| Pi@ta = dauta) = ~S= 0

Proof. We can write

P =0 =3 a;Py(a).

C
n—1

By looking at the leading coefficients, a,, = e Ifj=1,2,...,n—1, the orthonormality
n
properties of {P,,} and {PS} yield

0 = [ Pia@)e =P @)nte)
- [ PP e + [ P @R - dduto
R R

= Py(0) [ Pia(a)(o— c)dula).

For agy we obtain the same expression, because Py(x) is a constant:

oo = / S (2)(z — o) Po(w)dpu(z) = Po(c) / Pe L (2)(x — )du(z).

R
Therefore
Pi_i(z)(xz—c) = fni (z) + SP‘(C)[/ Py _y(u)(u — c)dp(u)| Pj(z)
n—1 kn n = J R n—1 J
= Bl )+ Koo (20 [ Pistte = odutw.

The lemma follows immediately taking = = ¢ in this equality.

We can now obtain an expression for the polynomials orthonormal with respect to the
measure i + MJ, in terms of the polynomials {P,} and {P<}.

Proposition 4. Let yi be a measure on R, ¢ € R, M > 0. Let {Q,, }n>0 be the polynomials
orthonormal with respect to u + Md.. Then, for each n € N there exist two constants
A,, B, € (0,1) such that

Qn(z) = ApPp(z) + Bp(z — ¢)PS_ (). (1)

Furthermore, if supp p = [—1,1], p € M(0,1) and ¢ € [—1, 1], then

A AnKn-(e,€) = 37



and

M
lim B, = ———
where .
AMe) = lim ——.
(C) nl—{go Kn(c, c)

Proof. We will find firstly a constant C,, such that P,(z) + Cn(x — ¢)PS_;(z) is
orthogonal to the polynomials of degree at most n—1 with respect to the measure p+ Md..
We only need to obtain

/R[Pn(:v) + Cp(x — )P (2)](x — ¢)?[du(x) + Md.(z)] =0, j=0,1,....n—1. (2)
Let 7 > 1. Then

/R [Pala) + Culz — ) P%_ (2)](x — o [dpu(x) + Mbo(x)
- / [Pa() + Calz — €)P%_y (2)](z — ) dp(x)

— [ Pu@)(e = ePdu(e) + C. [ Py (@)l = o () =0,
R R

Therefore, all we have to do is to find a constant C,, for which (2) is verified with j = 0.
In this case, we can calculate the integral in (2):

/R [Pa() + Cola — €)PE_y (2)][dpu(x) + Mbo(x)]

— MP,(0) + / [Pa(2) + Culz — ) PE_ (2)]dps(z)

R
kS 1
= MP, n — )Py _ = Pp(c)[M - Cp— :
(©+C [ (= P51 (@)dn(a) = U = €, 5= e
according to lemma 3. If we take
C, = Mk—nKn,l(c, c),
k1

then P, (z)+ C)(x — ¢)PS_(z) is orthogonal to every polynomial of degree at most n — 1.
As C,, > 0, it is a polynomial of degree n and leading coefficient positive. Thus, we will

obtain the orthonormal polynomial @Q,, by dividing it by its L?(u + Md.)-norm.
1P (@) + ol — ) Pr_y (@) 22y 1.

— MP, (0 + / [Pa(2) + Culz — ) PE_, (2) 2 dpu(x)

= MP,(c)? +/

[ P duta) + €2 / Pe L (0)(x — ¢)dp(x)

120, / Py () (& — ) PE_ ()du(z)

k
= MP,(c)* +1+C2 +2C, Z‘l.
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If we denote

k,c
D, =[MP,(c)>+1+C?+ 20,,12——1]1/2

?

then we have
1 C,

Qn(z) = D_nPn('T) + D_n(x —c)Py_4(z),

that is, equation (1) with A, = 1/D,, and B,, = C,,/D,,. From its definition, it is clear
that D,, > 1 and D,, > C,,, so A,, B, € (0,1).

For the second part, let us assume supp p = [—1,1], p € M(0,1) and ¢ € [—1,1]. From
the above definitions for A,,, C,, and D,,, we have

1 B P,(c)?
A K, 1(c,e) M

1 k
M2 n N2
K,-1(c,c)? + K, —1(c,c)? + <kc_1) * K,—-1(c,c)

n

Now, from p € M(0,1) it follows (see [7], theorem 3, p. 26, or [8])

P, (z)?
lim (z)

g wee 1,1
n—00 n—l(xax) [ ]

Since K,_1(c,c) > PZ this also implies

P 2
lim A = 0.
n—0oo Np_1 (C7 C)2

From this and lemma 2 we obtain

I ! Ae) + M

im —— = A(c )

n—oo A, K, _1(c,c)

Finally,
k M
s i, A M e Kale,e) = 37y

and the proposition is completely proved.

Remark. If P,(c) = 0, it is easy to show directly that @, = P,. This is not in con-
tradiction with our proposition, since in this case it can also be proved that P,(x) =
(x —c)PS_{(x) and A,, + B, = 1.

n—1

Corollary 5. Let supppu = [—1,1], c € [-1,1], M > 0. Then, u € M(0,1) if and only if
pu+ Mé. € M(0,1).

Proof. a) If p € M(0,1), from [4], theorem 11, we have u¢ € M(0,1). Now, from (1)
and the fact that lim(A,, + B,) = 1, it is easy to deduce that u + M. € M(0,1).

b) From [4], theorem 11 again, if u + M§. € M(0,1) then (z — ¢)?[du + Md.] =
(x — ¢)?dp € M(0,1) and this implies 4 € M(0,1).

We can also find some relations which involve the kernels.
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Proposition 6. Let p be a measure on R, ¢ € R and M > 0. Let {Ly},>0 be the kernels
relative to y + Md.. Then, for each n € N

L) = T K0+ T ey (o= O = O (o),

Proof. If y € R, it is a well-known fact that the kernels { K¢} verify

/R Ry (2) K& (2, 9)(z — ¢)2dp(z) = Ro(y)

for every polynomial R, of degree at most n. Actually, this property characterizes the
kernels relative to any measure.
If we write

(z —c)(y — ) Ky Z a;(y (4)

then it is easy to show for 7 > 1 that

a; _ —C/ . (x)_PJ(C)( —C)Qdu(df)

T —c
/ 1 @,9) (& — c)dn(a).
By the above property, we obtain
03 = Pylo) = () + (1= OP(e) [ Kia(w9)la = duta)

and it is immediate to see that ag also verifies this formula.
From this formula and (4) it follows

(z =)y — ) K51 (2, y)
= Kn(z,y) = Kn(z,¢) + (y — ¢) Kn (2, ) /RKfll(u, y)(u = c)dp(u).

If we let z = ¢, we obtain

Kn C,y
vme / n-1(:9)(e = cjdule) = 1‘%
and, replacing this equation into the previous one,
1 MK, (c,c)
K, (x, _ — O)K®_(x,
1+ MK,(c,c) (y) + 1+ MK,(c,c) (z =)y — o) Ky _1(z,y)
MEKn(c,y)
=K,(x,y) — K, (z,c).
(z,y) [ MK, (c,0) (z,c)

Therefore, it will be enough to prove that
MKn(c,y)
K,(z,y) — K, (z,c)|R,(z)|d Mo, =R,
L) = T s Ko () da) + M. ()] = o)
whenever R, is a polynomial of degree at most n. This is an easy consequence of the fact

that the kernels {K,,} verify the analogous property with respect to the measure p. The
proposition is proved.




§2. Generalized Jacobi weights with mass points.

Let w be a generalized Jacobi weight, that is:

w(z) = h(z)(1 —2)*(1 4 2)° H lz —t;|%, xe[-1,1]

where:

a) Oé,ﬁ,”}/i >—1,¢ € (—1, 1), t; 7£ tj \4) 7& j;

b) h is a positive, continuous function on [—1,1] and w(h,§)d~! € L1(0,2), w(h,?d)
being the modulus of continuity of h.

If we define

N
dlz,n)=(1—-—z+ n_2)_a/2_1/4(1 + x4+ n—2)—ﬂ/2—1/4 H(|a: —t] + n—l)—%‘/Q,
i=1

then the polynomials { P, } orthonormal with respect to the measure w(z)dx on the interval
[—1, 1] verify the estimate

|P,(2)| < Cd(xz,n) Ve € [-1,1], Vn > 1, (5)

where C' is a constant independent of n and z (see [2]). In the sequel C' will denote a
constant independent of n and x, but possibly different in each occurrence.
As to the kernels, it can be shown (see [7], p. 120 and p. 4) that

N
Kn(z,z) ~n(l—z+n2) 2104z +n ) P72 (2 — til + 07 )™ (6)
i=1

uniformly in |z| < 1, n > 1, where by f ~ g in a domain D we mean that there exist some
positive constants C; and C5 such that Cy f(y) < g(y) < Caf(y) Yy € D.

Our aim is to prove similar bounds for the polynomials and the kernels relative to a
measure which consists of a generalized Jacobi weight and a finite number of mass points
on the interval [—1,1]. So, let k € N, a; € [-1,1] and M; > 0,7 =1,..., k. We will denote

k
dv = w(x)dz + Z M;bq,
i=1

on the interval [—1,1]. By {Q,} and {L,} we mean, respectively, their orthonormal
polynomials and kernels. Without loss of generality we can assume a; € {1, —1,%1,...,tn},
since in the definition of w we can allow some of the exponents to be 0. Furthermore, for
every t € [—1,1] we can speak of its exponent in w, referring to the exponent of the factor
|z — t|7 in w. Obviously, there are only finitely many points with an exponent different
from 0.

With this notation, we can deduce some bounds from the results of the previous
section. Notice that w > 0 a.e. on [—1, 1], so that the measure w(x)dz belongs to M (0,1).
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Proposition 7. There exists a constant C' such that for eachn > 1, x € [—1,1]

N
a) |Qu(@)| < CA—z+n?)" VA4 o4 n ) PRV (o = ta + 0 1) /%
=1

N
b) |Ln(z,z)] < Cn(l —x+n"2)"" V21 4 24 n=2)"F-1/2 H(|x —t;| +n )7
i=1

Proof. a) We are going to prove the bound for @),, by induction on the number k of
mass points. If £ = 0, the measure is a generalized Jacobi weight and we already know
the formula (5). Let & > 0 and assume the property holds for k£ — 1 mass points.

Let {P,} be the orthonormal polynomials with respect to the measure

k—1
dp = w(z)dx + Z M;bq,

=1

so that, according to the notation we used in section 1, {P%} are the polynomials or-
thonormal with respect to

(x — ap)?du(z) = (x — ap)*w(z)ds + Z(ai —ay)*M;0,,.

Since dv = du + M0, , from proposition 4 it follows
Qn(7) = Ay Po(7) + Bo(x — ag)Py* 4 (z),

with A, B, € (0,1). Taking into account that both du and (x —ay)?du(x) are generalized
Jacobi weights with & — 1 mass points, they satisfy the boundedness in the statement.
Now, it is easy to see that @),, satisfies that boundedness.

Therefore, part a) is proved. As to b), proposition 6 yields

Ly(z,z) = Cp,Ky(z,z)+ (1 - Cp)(z — ak)2KZ’“_1(x,x) (7)

with C,, € (0,1). Similar arguments and formula (6) lead to this bound and the proposition
is completely proved.

The previous result establishes only upper bounds, which sometimes is not enough.
In some applications (for example, in the study of the convergence of the Fourier series)
it is necessary to estimate more exactly the rate of growth of L, (z,z), at least at some
points. In the case of a generalized Jacobi weight, with no point masses, we have even
uniform estimates (formula (6)). These estimates cannot hold when the measure has mass
points, since there the kernels L, (z,x) are bounded (see [7], p. 4, for example). However,
we can obtain such estimates uniformly on compact sets not containing mass points.
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Proposition 8. Let ¢ > 0. Then,

N
Ln(z,z) ~n(l—z+n )" 214z +n ) P2 [l — ti] + 07 1)
=1

uniformly in |x —a;| > ¢ (i=1,...,k), x| <1,n e N.

Proof. We only need to prove that
N
Ln(z,2) > Cn(1—z+n )" 21+ o+ n ) 2 [(Je — ti| + 07 1)
i=1

uniformly in |z —a;| > ¢ (i = 1,...,k), |z|] < 1 and n large enough. This follows by
induction, using formula (7) again and having in mind that 0 < C,, < 1.

As an application of the results of section 1, some bounds for L, (z,a;) can also be
obtained.

Proposition 9. a) Let 1 < i < k and suppose a; # £1. Then there exists a constant C
such that for each v € [—1,1] andn >1

|Ln(z,a;)| < C(1 —x+ n_z)_a/2_1/4(1 +x+ n—2)—6/2—1/4 H (= — t,] _|_n—1)—7j/2.
tj7£ai

b) If 1 is a mass point, there exists a constant C' such that for each x € [—1,1] and n > 1

N
|Ln(2,1)] < C(L4 2 +n"2) P27V T (Jo — 15 + n~t) 7772,
=1

c¢) If —1 is a mass point, there exists a constant C' such that for each x € [—1,1] and n > 1

N
Lz, —1)] < C(1 =2+ n=2) 27 VAT (Jo =t + 7 1) 77/2,
=1

Proof. a) Assume 1 < ¢ < k and a; # 1. Let v be the exponent of |x — a;| in w. If
we denote

k
dp = w(x)dz + »  M;d,,,
j=Lj#i
then v = p+ M;d,,. Let {P,} and {K,,} be the orthonormal polynomials and the kernels
relative to p and k,, the leading coefficient of P,. Analogously, {P%}, {K%} and {k%}
with respect to (z — a;)%du.
If we write

Up(z)=(1—z+ n_2)_a/2_1/4(1 +x + n_2)_5/2_1/4 H (lz —t;] + n_l)—”rj/2
tj#a;
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what we have to prove is | L, (z,a;)] < C¥,(z). Now, from proposition 6 and lemma 1 we
obtain

P00 = B T a0 b T R
We only need to estimate the right hand side. From proposition 7 we get
P, (a;)] < Cn/?;
Py (a;)] < Cn?7?;
|[Pri(a)] < C(je — ai| + 07 1)~ O0FD 20, (a);
Py (@)] < Cllz = ai +n~") =020, ().
Since a; is not a mass point for u, proposition 8 yields

K, (a;,a;) ~ n't7.

P,,‘L”_l(x).

Finally, by lemma 2

It is now easy to deduce
|Ln(2,0:)] < Cn~Y72(|a — a;| + n~ )" 7720, (2) < OO, (2).

b) Assume 1 is a mass point. We define now
k
dp=w(z)dz+ > M,
i=1,a;#1
so dv = du+ Médy, M > 0. If, according to our usual notation, {P,}, { K, } and {k, } refer
to du and {R,,} are the orthonormal polynomials relative to the measure (1 — x)du, {r,}
being their leading coefficients, it is not difficult to show that

K,(x,1) = k—nPn(l)Rn(x)

/rn
(only standard properties of K,,(z,1) are needed). Thus, proposition 6 leads to
kn P,(1)
rn 1+ MK, (1,1)
We proceed now analogously to part a), since du and (1 — xz)du are generalized Jacobi
weights with masses at points different from 1. Notice that, by Holder’s inequality

k_n - / Ry (z) Pp(z)(1 — z)dp(x)

Tn 1

Ly(x,1) =

R, (z).

1

< / Ro(2)2(1 — 2)2dpu(x)) /2 / Py ()2 dp(x)) V2

—1 —1

< Vo[ Ru@l (= 0)dp() ([ Pulafdu(o) = V2

-1 ~1
Part c) is similar to b). Thus, the result is proved.
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Remark. As it was pointed out in the introduction, the main application of this kind of
estimates would be in the study of the convergence of Fourier series. This will be considered
in a forthcoming paper.
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