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Abstract. Let w(z) = (1 — 2)*(1 +x)? on [-1,1], a, 3 > —1/2 and
for each function f let S, f be the n-th expansion in the corresponding
orthonormal polynomials. We show that the operators f — uS, (u=!f)
are not of weak (p,p)-type, where u is another Jacobi weight and p is
an endpoint of the interval of mean convergence. The same result is
shown for expansions associated to measures of the form dv = w(z)dx +

Sk M;b,,.

§1. Introduction and main results.

Let u be a positive measure on R with infinitely many points of increase and such that
all the moments

/:L'”d,u (n=0,1,...)
R

exist. Let {P,}n>0 stand for the corresponding orthonormal polynomials. For f € L!(du),
let S, f denote the n-th partial sum of the orthonormal Fourier expansion of f in {P, }»>0:

Su(f) = [ @R endn). Kolew) = 30 PP
k=1

The problem of the uniform boundedness of the partial sum operators 5,, in weighted
LP spaces, that is,

[wSn flle @) < Cllufllrray Yn =0, Vf e LP(uPdp) (1)

has been completely solved only in some specific cases (this boundedness implies, in rather
general situations, the LP convergence of S, f to f). For example, Badkov gave in [3]
necessary and sufficient conditions for (1) when dp and w are generalized Jacobi weights
(earlier results can be found in [22], [24], [21], [15]). Orthogonal Hermite and Laguerre series
were studied by Askey and Wainger ([1]) and Muckenhoupt ([16], [17]).

Let us consider the case of a Jacobi weight on the interval [—1, 1], that is, du = w(z)dz,

w(w) = (1-2)*(1 + )"
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and let 1 < p < oo. If a, 3 > —1/2, then (see [15])
1Snfllrw) < Clfllzewy ¥Yn >0, Vf € LP(w) (2)
if and only if p belongs to the open interval (pg, p1), where

d(a+1) 4(a+1)
po = —7 pl S ——
20+ 3 200+ 1
when o > 3 (and the analogous formulas with a replaced by g if 5 > «).

If both o, 8 > —1/2, the authors proved (see [6]) that the n-th partial sum operators
are not of weak (p,p)-type when p is an endpoint of the interval of mean convergence. In
theorem 1 we extend this result to the weighted case f — uS, (u™1f), where u is also a
Jacobi weight, u(r) = (1 — 2)%(1 + x)°, a,b € R. Now, the weighted uniform boundedness
(1) holds (see [15]) if and only if

at (a+ 10— 5)| <minfy, 1),
| (3)
1 1 1 B+1

b+ (6 + 1)(5 = 5)l <min{, =——}.

Let us state our first result.

Theorem 1. Leta,3 > —1/2, w(x) = (1—2)*(1+2)", u(z) = (1—2)%(1+2)°, 1 < p < oco.
Let S,, be the partial sum operators associated to w. If there exists a constant C' > 0 such
that for every f € LP(uPw) and for every n > 0

[wSnfllewy < CllufllLew),

then the inequalities

I<p  Br@E+G-3I<

N =

la+ (o + 1)(

e

are verified.

On the other hand, we also study the weak boundedness of the operators S,, associated
to a measure dv = dyu + Zle M;é,,, where p{a;} = 0. In the particular case of a Jacobi
weight and two mass points on 1 and —1, the corresponding orthonormal polynomials were
studied by Koornwinder in [10] from the point of view of differential equations (see also
[4], [2], [11], [12]). The authors have found (see [7]) some estimates for the orthonormal
polynomials and kernels relative to this type of measures.

In this context, let us consider the polynomial expansion associated to a measure dv =
w(m)dm—l—Zf:l M;84,, where w(x) = (1—2)*(1+2)%, M; > 0 and take u(z) = (1—x)%(1+
7)® for  # a;, 0 < u(a;) < co. With this notation, we can state the following result.

Theorem 2. Let o, 3> —1/2, 1 < p < oo. Then, there exists a constant C' > 0 such that

[ S f]

ey < Cllufllreany Vf € LP(uPdv), Vn >0,
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if and only if the inequalities

=

at @+ D - I<p  bHEHIC -l <

’BIH
[\')IH
’BIH
l\:>|r—A

are verified.

§2. Preliminary lemmas.

A basic tool in the study of Fourier series on the interval [—1,1] is Pollard’s decompo-
sition of the kernels K, (z,t) (see [22], [15]): if {P,}n>0 is the sequence of polynomials
orthonormal with respect to w(z)dzr and {Q,}n>0 is the sequence of polynomials relating
o (1 — 2?)w(z)dx, then

Ky (x,t) = rp,Thn(x,t) + spTo n(z,t) + 5,15 0 (2, 1),

where
Tl,n(x7 t) = Pn-l—l(x)PTH—l(t)v

Ty (z,t) = (1 — 2?) n+1t(_)6£n( x)

and {r,}, {sn} are bounded sequences. In fact, for any measure p on [—1,1] with ¢/ > 0
a.e. (in particular, for w(z)dz),

lim r, = —1/2, lim s, =1/2

n—oo

(this can be deduced from [22] and [23] or [13]). Therefore, we can write

Snf - 'rnWLnf + SnW2,nf - SnW3,nf7

where )

Winf(z) = Posr(2) / Povir (6) f (D) w(t)dt,

Wonf(@) = Por1(2)H((1 = £2)Qn () f (t)w(t), )

and

Wanf (@) = (1 = 2*)Qn(x) H(Por1 () f(Hw(t), 2),

H being the Hilbert transform on the interval [—1,1]. Thus, the study of S,, can be reduced
to that of W;,, (1 =1,2,3).

The boundedness of the Hilbert transform can be stated in terms of Muckenhoupt’s 4,
classes of weights (see [9] and [19]; throughout this paper, the Hilbert transform, as well as
the A, classes, are taken on the interval [—1, 1]): if u is a weight on [—1,1] and 1 < p < oo,



then u € A, if and only if H is a bounded operator in L”(u), with a constant which depends
only on the A, constant of u.

Concerning mixed weak norm inequalities for the Hilbert transform, we can state the
following property, which can be proved in the same way as in theorem 3 of [18]: assume
that ui(z),uz(z),v(x) > 0, 1 < p < 0o and there is a constant C' > 0 such that

[ug Hg|

£2(u) < Cllgllew) Vg € LP(v);
then, there exists another constant B > 0 which depends only on C, such that for every
interval [ )
L —1/(p—1) q
v(z)
L% (u1) (/ )qd.r) < B, (4)

—1 (U] + |z — 2]

a1 being the centre of I and 1/p+1/q = 1.
The polynomials P, satisfy the estimate

[uaxr]

1P, (z)] < C(1 —2)~@eFtD/4(1 4 )= @D/ vy Ve e [-1,1] (5)

with a constant C' > 0 independent of x and n. A similar estimate is verified by @Q,,, with
a+ 1 and g+ 1 instead of a and :

1Qn(z)] < C(1 —x)~Rat3/4(1 4 2)=@0E)/A vy v € [-1,1]. (6)

Thus, the following easy result will be useful.
Lemma 3. Let r € R. Then, |z|" € Ap([-1,1]) <= -1 <r<p—1.
The same property holds if we replace x by x — a, with a € [-1,1]. Even more, it is

not difficult to show that in order to see whether a finite product of this type of expressions
belongs to A, we only need to check the above inequalities for each factor separately.

We will eventually need to show that some of the operators are not of strong or weak
type. In this sense, this lemma (see [14]) will be used:

Lemma 4. Let supp da = [—1,1], & > 0 a.e. in [—1,1], and 0 < p < oo. There exists a
constant C' > 0 such that if g is a Lebesgue-measurable function on [—1, 1], then

o/ ()72 (1 = 2) "4 o g pan) < Climinf || Po[| Lo (| grda)-

There is a weak version of this property: it is a consequence of Kolmogorov’s condition
(see [5], lemma V.2.8, p. 485) and the previous lemma.

Lemma 5. Let supp da = [-1,1], ¢ > 0 a.e. in [—1,1], and 0 < p < oo. There exists a
constant C' > 0 such that if g, h are Lebesgue-measurable functions on [—1, 1], then

o/ ()72 (1 — 22) "4 g(@) || Lo ripae) < Clim inf | Pngll Lo (h)p da)-

The following lemma will be useful to estimate some weighted LY norms:
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Lemma 6. Let 1 <p <oo, r,5s €R, a > 0. Then,
X(0,0)(@)x" € LE(2°dx) <= pr+s+1>0, (r,s)#(0,—-1).

Moreover, in this case there is a constant K depending on r, s, p such that

(s +1)/p

1X(0,0) ()" || 7 (3202) = Ka

63. Proof of theorem 1.

The weak boundedness
|wSn fllLe @) < Clluflzew)

implies the following conditions (see [6], theorem 1, with the appropriate changes):
u € LY (w),
u e LY(w),
u(@)w(z) ™2 (1 - 2?) "V e Li(w),
u(w)Mw(@) VA1 - 2%) TV e Li(w),

where 1/p + 1/q = 1. With the weight u(x) = (1 — 2)%(1 + z)® and having in mind that
a, 3 > —1/2, this means

1 1 1 1
< 1= — = Z
4_a+(a+ )(p 2)<4,
1 1 1 1
—Z<b (= —= —.
ST BHDE—5) <y

Therefore, we only need to show that the equality cannot occur in the left hand side of these
equations. Assume, for example,

1 1 1
—=oa+ (a+1)(2—) - 5)- (7)

Let us consider again Pollard’s decomposition of the partial sums S, f. We will prove that
there exists a constant C' such that

NuWinfllLe @) < Cllufllzew)

and

HUW&anLP(w) < CHUf”Lp(w).

This, together with the boundedness of 5,,, implies the same property for W5 ,, and will lead
to a contradiction.

a) Boundedness of W1 ,,. From its definition, we have
[uWin fll ey < NuPrsll 2wyl Paga |l o |10 1| 2o ) -
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So, we only need to prove
[uPnllLp () <C Vn €N

and
HU_IPnHLq(w) <C Vne Na

which follows from lemma 6, (5) and the dominate convergence theorem.

b) Boundedness of W3 ,,. Using again (5) and (6), it is enough to obtain
IHgllLrw) < Cligllrw) Vg € LP(v),

with
’U(JJ) — (1 _ x)oz+ap+p(l—2a)/4(1 + x)ﬁ+ap—|—p(l—2ﬁ)/4‘

Now, we only need to prove that v € A,. This can be deduced from lemma 3.

¢) From a), b) and the hypothesis, we have a constant C' such that for all f € LP(uPw)
and every n € N

Huwz,anLf(w) < CHUfHL”(w)7

that is,
[P Hyll Lz (w) < Cllu(@)(1 = 22) 7 Qu(x) " w (@) ™ gl| Lo (w)-

Applying (4), we have

1 —4q(1 — 2)e Qn 4 e
I A L L AC P s

for every interval I C [—1,1], with a constant C' > 0 independent of n and I; by lemma 5
with I = [1 — ¢, 1], it follows

1 p—ag+a/ata(l—q/2) /4
:1:> <C (8)

a—a/2—1/4 d
X £ Plra
| XD, ]HL*( ) (/0 (e+|x—¢e/2|)2

Now, by lemma 6 and (7)

|2~ /2 Ay | gy = K (9)
and
1 .—ag+q/4+a(l—q/2 1 1/(p=1 '
/ L—ag+a/dta(l—q/ )dx:/ L1/ (1) d.r>0/ 2/ P=D=1g = C|loge|,
o (e+]x—e/2])e o (etlz—ef2) = )

which, together with (9), leads to a contradiction in (8). Therefore, (7) cannot be true and
the theorem is proved.



84. Adding mass points.

Let du be a positive measure on R, dv = dp + Zle M;éq,, where M; > 0, u{a;} = 0.
Let also u be a weight such that 0 < u(a;) < oo (i =1,...,k). We will denote by { K, (z,y)}
the kernels relative to du and by {L,,(x,y)} the kernels relative to dv. Then, the n-th partial
sum of the Fourier series with respect to dv is given by

Shf(w)==IA;lzxﬁay)f(y)dV(y)

Let us take 1 <p < oo, 1/p+1/¢=1 and

EM@ZAMWMMMWM

Then

Theorem 7. With the above notation, there exists a constant C' such that

S f]

) < Cllufllpe@ay Vn >0, Vf € LP(uPdv) (10)

if and only if there exists another constant C' such that:
a) [[ulnfllprapy < Cllufllpe@y Yn =0, Vf € LP(uPdp);
b) u(ai)||u™ Ly (2, a)||peapy < C Yn>0, (i=1,...,k);
c) l[uln(w,a:)|e(ap < Cula;)) Vn >0, (i=1,...,k).
The same holds replacing LY (dv) by LP(dv) and L%(du) by LP(du).
Proof. From the definition, it follows

k

Snf(@) = T f(x) + Y MiLy(x,a;) f(a;). (11)

=1

Now, suppose (10) holds. If f € LP(uPdv), let us define g(z) = f(x) forz # a; (i =1,...,k)
and g(a;) =0 (i =1,...,k). Since pu({a;}) = 0, we have S,g = T}, f and

lugllLe(av) = lwfllLedp-
Therefore, (10) implies

[T f]

2y < Cllufllpean Yn >0, Vf e LP(uPdv). (12)

Taking now f = xyq,)} we obtain S, f(x) = M;L,(x,a;) and ||uf|ean) = Mil/pu(ai).
Thus, (10) also implies

luLu(@,a)ll ey < Cula) ¥n 20, (i=1,...,k). (13)
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Actually, since |[uf| rr(au), w(ai)|f(ai)| < [[ufllLray) it is immediate from (11) that (12)
and (13) imply (10). So, we only need to show that (12) is equivalent to a) and b) and that
(13) is the same as c).

It is easy to see that

k
luLn (. @)%y < 0L, a) [0 gy + S Myua;P|Lu(ag, a).
j=1

Now, by Schwarz inequality we have
|Ln(aj, a;)| < Ln(ajaaj>l/2Ln(aiaai)1/2
and {Ly(a;,a;)}n>0 is a bounded sequence, since p({a;}) > 0. Therefore
HUL’IL(%GZ)HiQ(du) < HULn(xvai)”gg(dy) < HULn(xaai)szg(d“) +C
and (13) is actually equivalent to c).

Let us examine now condition (12). It is easy to see that

k
VT f 17y < AT 12 g+ S M) T f ()P,
1=1

1T f e gy < N f 150 a0
and
Myu(a)?| Ty f(ai) P < [T fI 5 40

Thus, (12) holds if and only if condition a) holds together with
W@\ T f(a)] < Clluf ooy ¥ > 0Vf € IP(uPdi) (i = 1,..., k).

Taking into account that

Toflai) = / Lo (s, ) £ ()dpa(z),

this last inequality is simply b).
The proof can be rewritten with LP norms instead of LY norms.

The operators T;, can be handled in a similar way to expansions with respect to du. As
to like in parts b) and c¢), let us introduce the following notation:

dpe(w) = (z — ¢)*dp(x);

{PS} is the sequence of orthonormal polynomials relative to du®;
Pe(x) =kiz" + ..., ky, > 0;

{K¢(z,y)} is the sequence of kernels relative to du°.

Then (see [7])



Proposition 8. Let du be a positive measure on R, ¢ € R, M > 0. Let {ﬁn}nzo be the
polynomials orthonormal with respect to du + M6.. Then, for each n € N there exist two
constants A,, B, € (0,1) such that

P, (%) = Ap P, (%) + Bp(z — ¢)P°_,(z).

Furthermore, if supp du = [—1,1], ¢/ > 0 a.e. and ¢ € [—1,1], then

nh_)ngo AnK,—1(c,c) = m
and M
s B = S0
where
Ae) = nh_)rgo Kico

We can also find some relations which involve the kernels.

Proposition 9. Let du be a positive measure on R, ¢ € R and M > 0. Let {I}n}nZO be
the kernels relative to dy + Mé.. Then Vn € N

~ 1 MK, (c,c)
Ko(z,y) = K, (z,
@) = Tk e o Y Y TR, (6,0

(z =)y = ) K1 (2, y).

Propositions 8 and 9 lead to bounds for f’n and }?n, provided bounds for P,, PS, K,,
K¢ are known. These bounds, together with theorem 7, can be used to prove theorem 2 (see

8])-
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