
> > 

> > 

> > 

> > 

> > 

> > 

> > 

> > 

> > 

> > 

> > 

> > 

> > 

(3)(3)

> > 

> > 

> > 

(1)(1)

> > 

> > 

> > 

> > 

> > 

> > 

(2)(2)

> > 

> > 

> > 

> > 

:

:

RED:=g->cat(`#mn(\"`,g,`",mathcolor=\"#FF0000\")`):
BLACK:=g->cat(`#mn(\"`,g,`",mathcolor=\"#0C090a\")`):
GREEN:=g->cat(`#mn(\"`,g,`",mathcolor=\"#227d3f\")`):

#
fullsimplify := proc(expression) combine(evalc(simplify(expand(combine(rationalize(radnormal
(expand(
simplify(rationalize(simplify(combine(radnormal(expand(expression)), radicals))))))), radicals)))
), radicals);
end:
aboutthis:=proc()
print(RED(`AUTOMATIC PROOFS OF RAMANUJAN-TYPE SERIES`)); print(RED(`(using modular Polynomials)`)
);
print(BLACK(`Jesús Guillera`));
print(BLACK(`University of Zaragoza`));
print(BLACK(`Written in 2023-24`));
print(BLACK(`REFERENCE:`)-GREEN(`The fastest series for 1/pi due to Ramanujan. Proofs by modular 
polynomials`)); print();                                                    
end:

acknowledgements:=proc()
print(RED(`MANY THANKS TO...`));
print(BLACK(`ALIN BOSTAN`)-GREEN(`for his great idea of simplifying using an algebraic rule`));
print(BLACK(`DREW SUTHERLAND`)-GREEN(`who answers my question about which coefficients of the 
Weber polynomials can be nonzero`));
print(BLACK(`DORON ZEILBERGER`)-GREEN(`who invited me giving a ZOOM talk about this program April
27 2023`));
print(BLACK(`WADIM ZUDILIN`)-GREEN(`for sharing with me a generalization of the Legendre's 
relation`));
print(BLACK(`JORGE ZÚÑIGA`)-GREEN(`for checking this program with many examples and detecting an 
error that had ocurred very few times`)); print();
end:

tryproc:=proc()
print(RED(`USE OF MAIN PROCEDURE`));
print(BLACK(`RamaPi(level=1,2,3,4, odd prime, degree roots=1,2,3,4, RUSSELL or WEBER)`));
print(BLACK(`RUSSELL for levels 2,3,4; WEBER for levels 1,2,4`));
print();
end:

aboutthis();
AUTOMATIC PROOFS OF RAMANUJAN-TYPE SERIES

(using modular Polynomials)
Jesús Guillera

University of Zaragoza
Written in 2023-24

acknowledgements();
MANY THANKS TO...

tryproc();
USE OF MAIN PROCEDURE

RamaPi(level=1,2,3,4, odd prime, degree roots=1,2,3,4, RUSSELL or WEBER)
RUSSELL for levels 2,3,4; WEBER for levels 1,2,4

legendre:= proc(lev,alpha) 
local leve,beta,F,G,leg,s;
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if lev = 1 then s := 6; end if;
if lev = 2 then s := 4; end if;
if lev = 3 then s := 3; end if;
if lev = 4 then s := 2; end if;
leve := 4*sin(Pi/s)^2;
F := xx -> subs(x = xx, hypergeom([1/s, 1 - 1/s], [1], x));
G := xx -> subs(x = xx, x*diff(F(x), x));
beta := 1 - alpha;
leg := 2*alpha*F(alpha)*G(beta)/sqrt(leve) + 2*beta*F(beta)*G(alpha)/sqrt(leve);
print();
print(simplify(leg, hypergeom) = 1/Pi);
print();
end:

legendre(2,-1/5);

legendre(3,5/3);

clausen:=proc(lev,x)
local R,F,clau,s:
s:=Pi/arcsin(sqrt(lev)/2):
R := x -> hypergeom([1/2, 1/s, 1 - 1/s], [1, 1], 4*x*(1 - x));
F := x -> hypergeom([1/s, 1 - 1/s], [1], x);
clau := x -> F(x)^2 - R(x);
print(); print(simplify(clau(x), hypergeom) = 0);
end: 

clausen(2,1/4);

clausen(2,-2);

russellmodequ:=proc(lev,p) 
local uu,vv,mm,x,s,val,qq,m,coe,k,i,num,aalpha,bbeta,alpha,beta,sb,u,v,suma,ecus,ecucoef,formu,
sol,o,q: 
global P,hh,ro,BC,h,dpol,dec,pol,T,llev,dd: 
dec:=p:
o:=time():
if lev = 2 then
    s := 4;
    ro := 256;
    BC := n -> (4*n)!/(n!)^4; 
    val := simplify((p + 1)/4);
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    h := 4/denom(val);
    dpol := 2*val;
end if;
if lev = 2 and dec = 3 then
    h := 1;
    dpol := 4;
end if;
if lev = 3 then
    s := 3;
    ro := 108;
    BC := n -> (3*n)!*(2*n)!/(n!)^5;
    val := simplify((p + 1)/3);
    h := 6/denom(val);
    dpol := numer(val);
end if; 
if lev = 3 and p=2 then h:=3; dpol:=1; end if; 
if lev = 3 and p=7 then h:=2; dpol:=8; end if:
if lev = 4 then
    s := 2;
    ro := 64;
    BC := n -> ((2*n)!)^3/(n!)^6;
    val := simplify((p + 1)/8);
    h := 8/denom(val);
    dpol := numer(val);
end if;
if lev = 4 and d = 3 then
    h := 1;
    dpol := 4;
end if;
if lev = 4 and d = 1 then
    h := 1;
    dpol := 2;
end if;
coe := seq(seq(c[k - i, i], i = 0 .. k), k = 1 .. dpol);
num := nops({coe});
qq := 4*exp(int(1/(hypergeom([1/2, 1/s, 1 - 1/s], [1, 1], 4*x*(1 - x))*x*(1 - x)), x))/ro;
hh := h;
Order := 2*num; 
assume(q, real); assume(q,positive); mm := convert(solve(series(qq, x) = q, x), polynom);
print(); print(GREEN(LEVEL)= lev, GREEN(`     DEGREE`) = p);
print();
print(GREEN(`MODULAR EQUATION`)); print();
aalpha := subs(q = q^p, mm); bbeta := mm;
uu := convert(series(aalpha^(1/h)*bbeta^(1/h), q, 2*num), polynom);
vv := convert(series((1 - aalpha)^(1/h)*(1 - bbeta)^(1/h), q, 2*num), polynom);
suma := sum(sum(c[k - i, i]*uu^i*vv^(k - i), i = 0 .. k), k = 1 .. dpol);
ecus := series(suma, q, 2*num) - 1;
ecucoef := coeffs(simplify(convert(ecus, polynom)), q);
formu := sum(sum(c[k - i, i]*u^i*v^(k - i), i = 0 .. k), k = 1 .. dpol) - 1;
sol := solve({ecucoef}, {coe});
pol := sort(subs(sol, formu), [u, v]);
P := (uu, vv) -> subs(u = uu, v = vv, pol);
dec := p; dd := p; llev := lev;
print(u^h = alpha*beta,cat(`   `,v)^h = (1 - alpha)*(1 - beta),`   P(u,v)=0,`);
print(`P(u,v)`= pol); print();
print(GREEN(SECONDS = time() - o)); 
print(GREEN(`______________________________________________________________`)); 
print();
end:

with(IntegerRelations):
webermodequ:=proc(lev,p)
local o,i,j,nume1,nume2,sol,formu,fw,utau0,vtau0,eta,se,sse,ss,LL,T,S,W,pp,pol:
global P:
o:=time():
print(); print(GREEN(LEVEL)= lev, GREEN(`     DEGREE`) = p);
print(); print(GREEN(`MODULAR EQUATION`)); 
print();
eta := tau -> exp(1/12*I*Pi*tau)*Product(1 - exp(2*I*Pi*tau*n), n = 1 .. infinity);
fw := eta(tau)^2/(eta(tau/2)*eta(2*tau)); Digits := (p + 1)^2/2;
utau0 := evalf(subs(tau = exp(-1)*I, fw));
vtau0 := evalf(subs(tau = exp(-1)*p*I, fw));
LL := [];T := [];
for i from 0 to p + 1 do
   for j from 0 to p + 1 do
           if ((i*p + j) + (-p - 1)) mod 24 <> 0 then NULL else
                LL := [op(LL), utau0^i*vtau0^j];
                T := [op(T), u^i*v^j];
           end if;
    end do;
end do;
nume1 := nops(LL);nume2 := nops(T);
S := PSLQ(LL);formu := sum(S[k]*T[k], k = 1 .. nume1);
assume(uu, positive);assume(vv, positive);
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W := solve(subs(sqrt(uu*vv) = t, combine(subs({u = sqrt(uu), v = sqrt(vv)}, formu), radicals)), 
t)^2;
pol := uu*vv*denom(W) - numer(W); 
P := (u, v) -> subs({uu = u, vv = v}, pol);
if lev=1 then
   print(alpha*(1 - alpha) = 432*u^12/(u^12 - 16)^3, beta*(1 - beta) = 432*v^12/(v^12 - 16)^3,`  
P(u,v)=0,`); 
end if:
if lev=2 then
   print(alpha*(1 - alpha) = -256*u^12/(64-u^12)^2, beta*(1 - beta) = -256*v^12/(64-v^12)^2,`  P
(u,v)=0,`); 
end if:
if lev=4 then 
   print(alpha*(1 - alpha) = 16/u^12,beta*(1 - beta)=16/v^12, `P(u,v)=0,`);
end if:
print(); print(`P(u,v)`  =P(u,v)): print();
print(GREEN(SECONDS = time() - o));
print(GREEN(`__________________________________________________________`));
print();
end:
     

russellmodequ(2,11);

MODULAR EQUATION

SECONDS = 3.250
______________________________________________________________

webermodequ(2,11);

MODULAR EQUATION

SECONDS = .141
__________________________________________________________

dvddv:=proc(dd) 
#
local sols,Sols,TT,dY,dP,nn,nunu,dede,NUNU,DEDE,data1,data2,lim,ddP,d2P,LA,LE; 
global Dv,DDv,T,dv,ddv,dv0,ddv0,ddvu,atu0,r0,Dv0,Ddv0,ecu,CONTA;
T := u -> P(u, v(u));
atu0 := {u = u0, diff(v(u), u) = dv0, diff(v(u), u, u) = ddv0, v(u) = v0};
Ddv0:=simplify(evala(subs({u=u0,v(u)=v0},simplify(Ddv,rulepol))),rulepol);
if Ddv0<>0 then 
dv := simplify(factor(solve(diff(T(u), u), diff(v(u), u))));
ddv := simplify(factor(subs(diff(v(u),u)=dv,diff(dv, u)))); 
dv0:=simplify(evala(subs(atu0,dv)),rulepol); 
ddv0:=simplify(evala(subs(atu0,ddv)),rulepol);
else                                                                                     
dP:=solve(diff(P(u,v(u)),u),diff(v(u),u)):
nunu:=numer(dP): dede:=denom(dP):
eval(subs(u=u0,v=v0,nunu)); eval(subs(u=u0,v=v0,dede));
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> > sols:=fullsimplify(solve(simplify(subs(u=u0,subs(v(u)=v0,subs(diff(v(u),u)=LA,diff(nunu,u)/diff
(dede,u)))))-LA,LA));
if nops([sols])=1 then dv0:=simplify(sols,rulepol) else dv0:=simplify(sols[1],rulepol); end if; 
data1:=u=u0,v(u0)=v0,D(v)(u0)=dv0:
ddP:=diff(P(u,v(u)),u,u):
ddP:=simplify(solve(ddP,diff(v(u),u,u))):
d2P:=convert(ddP,D):
nunu:=simplify(numer(d2P)): dede:=simplify(denom(d2P)):
lim:=simplify(limit(eval(factor(diff(nunu,u)/diff(dede,u))),u=u0)):
ecu:=simplify(subs((D@@2)(v)(u0)=LU,simplify(subs(data1,lim))))=LU;
Sols:=simplify(evala(fullsimplify(solve(ecu,LU))));
if nops([Sols])=1 then ddv0:=simplify(Sols,rulepol) else ddv0:=simplify(Sols[1],rulepol); end if;
end if;
end:

# For Russell polynomials #

alpha0beta0russell:=proc(lev,dd)
global T,alpha0,beta0,z0,dalpha0,dbeta0,ddalpha0,ddbeta0,m0,Ddv0:
alpha0 := solve(alpha*(1 - alpha) = expand(u0^h), alpha)[1];
beta0 := 1 - alpha0;
z0 := fullsimplify(4*alpha0*beta0);
#
dalpha0 := evalc(fullsimplify(expand(subs(u=u0,subs(beta(u)=beta0,subs(alpha(u)=alpha0,subs(v(u)=
v0,subs(diff(v(u),u)=dv0,
simplify(expand((alpha(u)*(h*u^(h-1)-h*v(u)^(h-1)*diff(v(u),u))-h*u^(h-1))/(alpha(u)-beta(u))))))
))))));
#
dbeta0 := evalc(fullsimplify(expand(h*u0^(h-1)-h*v0^(h-1)*dv0-dalpha0)));
ddalpha0 := fullsimplify(expand(solve(h*(h-1)*u0^(h-2)-2*dalpha0*dbeta0-x*beta0-alpha0*(h*(h-1)*
u0^(h-2)-h*(h-1)*v0^(h-2)*dv0^2-h*v0^(h-1)*ddv0-x),x)));
ddbeta0 := fullsimplify(expand(h*(h - 1)*u0^(h - 2) - h*(h - 1)*v0^(h - 2)*dv0^2 - h*v0^(h - 1)*
ddv0 - ddalpha0));
end:

# For Weber polynomials #
alpha0beta0weber:=proc(lev,dd)
local q: global u0,v0,alpha0,beta0,dalpha0,dbeta0,ddalpha0,ddbeta0,m0,dm0,atu0,tau0,q0,Ddv0:
alpha0 := solve(alfa*(1 - alfa) = simplify(w0), alfa)[1];
beta0 := 1 - alpha0;
dalpha0 := simplify(evala(dw0/(1 - 2*alpha0)));
dbeta0 := simplify(evala(dy0/(1 - 2*beta0)));
ddalpha0:=simplify(evala((2*dalpha0^2 + ddw0)/(1 - 2*alpha0))); 
ddbeta0 := simplify(evala((2*dbeta0^2 + ddy0)/(1 - 2*beta0)));                           
end:

with(polytools):
mba:=proc(lev,dd,polclass) 
local o,BC,FC,SDIV,SD,BB,R,RH,q0,ii,posd; 
#
global u0,v0,T,w0,dv0,alpha0,beta0,z,dalpha0,dbeta0,m0,ddv0,ddalpha0,rootone,
dy,ddy,a1,a2,ro,dw0,dy0,ddw0,ddy0,c0,ddbeta0,b0,a0,J0,atu0,w,y,y0,dv,ddv,dw,ddw,
zp,z0,dm0,diver,tau0,imtau0,SDIVER,dec,VRH,GFACTOR,FG,b1,vz0,tauR0,COMP,prideg,
IFACT,CC,CR,del,n0,r0,g0,pr,DELTA,DELTA2,Ddv0,M0,D0,CONTA:
#
o := time(); dec:=dd:                                                               
#
if polclass=WEBER then
  if lev=1 then
    ro:=1728: BC := n -> (6*n)!/((3*n)!*(n!)^3);
    w:= 432*u^12/(u^12-16)^3; y:=432*v^12/(v^12-16)^3; 
  end if:
  if lev=2 then 
    ro:=256: BC := n -> (4*n)!/(n!)^4; 
    w := -64*u^12/(64-u^12)^2; y:=-64* v^12/(64-v^12)^2;
  end if:
  if lev=4 then 
    ro:=64: BC := n -> (2*n)!^3/(n!)^6;
    w :=u^12/256;y :=v^12/256; 
  end if:
  dvddv(dd); 
  dw := diff(w, u);  ddw := diff(dw, u);
  dy := diff(y, v);
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  ddy :=diff(dy, v); w0 := subs(u=u0,w); 
  y0 := subs(v=v0,y);
  dw0:=subs(u=u0,simplify(dw,rulepoli)); 
  ddw0:=subs(u=u0,simplify(ddw,rulepoli)); 
  dy0:=fullsimplify(subs(v=v0,simplify(dy,rulepoli))*dv0);
  ddy0:=fullsimplify(subs(v=v0,simplify(ddy,rulepoli))*dv0^2+subs(v=v0,dy)*ddv0);
  T := u -> P(u, v(u));
  alpha0beta0weber(lev, dd); 
end if; 
#
if polclass=RUSSELL then
  if lev=3 then ro:=108: BC := n -> (3*n)!*(2*n)!/n!^5; end if:
  if lev=2 then ro:=256: BC := n -> (4*n)!/(n!)^4; end if:
  if lev=4 then ro:=64:  BC := n -> (2*n)!^3/(n!)^6; end if:
  atu0 := {u = u0, diff(v(u), u) = dv0, diff(v(u), u, u) = ddv0, v(u) = v0};
  dvddv(dd);
  T := u -> P(u, v(u)); alpha0beta0russell(lev, dd);
end if;
Ddv0:=simplify(evala(subs({u=u0,v(u)=v0},simplify(Ddv,rulepol))),rulepol);
# 
if polcl=WEBER or polcl=RUSSELL then 
#
  m0 := combine(expand(convert(simplify(convert(fullsimplify(sqrt(fullsimplify(dalpha0/(dd*
dbeta0)))),RootOf)),radical)),radicals);
  tau0:=simplify(evala(evalc(combine(simplify(evala(I*m0*dec/sqrt(lev))),radicals))));
  J0 := simplify(evala(ro/z0));
  b0:=simplify(evala((1-2*alpha0)*(m0*dec+1/m0)*1/sqrt(lev))); 
  c0:=simplify(evala(rationalize(dec/(b0*sqrt(lev))*m0*alpha0*beta0/dalpha0*(ddbeta0/dbeta0-
ddalpha0/dalpha0))));
  a0:=simplify(evala(b0*(1+c0)));
  DELTA:=simplify(bb0/b0); DELTA:=simplify(evala(Re(M0)/Re(m0)*D0/d0));
  assume(abs(ro/J) < 1);
  BB:=convert(Sum(BC(n)*(b0*n + a0)/J^n, n = 0 .. infinity), hypergeometric);
  R:=Sum(BC(n)*(simplify(DELTA*b0)*n + simplify(DELTA*a0))/J0^n,n=0..infinity);
  RH:= subs(J = J0, BB); Digits:=100; 
  q0:=simplify(evala(exp(2*Pi*I*tau0))); g0:=lev*abs(tau0^2);
#
  if type(DELTA^2,numeric) then
    print(CONTA,nops(M)); print(GREEN(`SPECIAL VALUE of z`)=z0);
    tau0:=simplify(evala(I/abs(1/DELTA)*dec*m0/(sqrt(lev))));
    print(GREEN(`multiplier`) = m0,GREEN(`      tau`)=tau0,GREEN(`   degree`)=1/abs(m0)^2); print
(delta=DELTA);
    if Re(tau0)=0 then pr:=tau0 fi; 
    if Re(tau0)>0 then pr:=tau0-floor(Re(tau0)); fi;
    if Re(tau0)<=0 then pr:=tau0+floor(-Re(tau0)); fi;
    prideg:=simplify(lev*(abs(pr)^2));
    print(GREEN(`sequence of possible degrees for n=0,1,2,... corresponding to the same`)+delta);
    print(simplify((1/DELTA)^2*lev*(abs(Im(pr))^2+(abs(Re(pr))+n)^2))); print();
    print(GREEN(`RAMANUJAN SERIES`)); print();
    if Im(z0)<>0 then
      print();
      print(GREEN(COMPLEX)); print(); 
    end if;
    vz0:=evalf(z0,40);
    if abs(vz0)>1 then 
      print(R=infinity); print(); 
    else 
      print(R=1/Pi); print(); 
    end if;   
    print(GREEN(`HYPERGEOMETRIC FORM`));
# 
    print(); print(simplify(DELTA*RH)=1/Pi); 
    print();                                         
  end if; 
#
else 
  print(CONTA,opM);
  print(GREEN(`SPECIAL VALUE OF z`)=z0); print();
end if;
#  
CONTA:=CONTA+1; print();
print(GREEN(`primitive multiplier`)=primim0,GREEN(`      primitive degree`)=abs(primim0)^(-2),
GREEN(`     primitive tau`)=primitau);
print(GREEN(`sequence of possible possible degrees for n=0,1,2,... corresponding to`)+delta=1);
if Im(vz0)=0 then 
  print(fullsimplify(lev*(Im(primitau)^2+(abs(Re(primitau))+n)^2))); 
end if;
if Im(vz0)<>0 then 
  print(Re(primitau)^2*n^2+Im(primitau)^2, n=0,1,2...); 
end if;
print(); 
print(GREEN(SECONDS = time() - o)); 
print();
print(RED(`**************************************************************************************
****`));                                                                          end:
# 

# RAMANUJAN SERIES #
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RamaPi:=proc(lev,dd,degroot,polclass)
#
local o; 
global x,ro,fun,funsimp,Cz0,degz0,jjj,www,i,j,A,G,SOL,nn,uv0,AA,B,C,div,z0,vz0,J0,
u0,v0,DISC,T,P0,P1,P2,rulepol,rulepoli,Lzvu0,M,L,LLzvu0,dT,dv,Ddv,ddv,atu0,Ddv0,dv0,ddv0,s,M0,D0,
d0,
aalpha0,bbeta0,nalpha0,nbeta0,cocalbe,primim0,primitau,cp0,bb0,tes,CONTA,opM,polcl;
CONTA:=1; polcl:=polclass; print(GREEN(polclass));
with(polytools);
o := time(); 
# Ddv0:=simplify(evala(subs({u=u0,v(u)=v0},simplify(Ddv,rulepol))),rulepol);
if polcl=WEBER or polcl=RUSSELL then
if lev<>1 and lev<>2 and lev<>3 and lev<>4 then 
print(RED(`level must be integer in [1,2,3,4]`));
return();
end if:
#
if lev <>2 and lev<>3 and lev<>4 and polclass=RUSSELL then
print(GREEN(`For that level use WEBER (with capital letters)`)); return(); 
end if;
#
if lev <>1 and lev<>2 and lev<>4 and polclass=WEBER then
print(GREEN(`For that level use RUSSELL (with capital letters)`)); return(); 
end if;
if polcl = WEBER then webermodequ(lev, dd); end if:
if polcl = RUSSELL then russellmodequ(lev,dd); end if:
#                                    #
T := u -> P(u, v(u)); dT:=diff(T(u),u); 
dv:=solve(dT,diff(v(u),u)); Ddv:=coeff(dT,diff(v(u),u)); 
dv := simplify(factor(solve(dT,diff(v(u),u))));
ddv := simplify(factor(subs(diff(v(u),u)=dv,diff(dv, u))));
print(); 
o:=time();
#
if polcl=WEBER then 
   if lev=1 then ro:=1728: fun:=x->1728*x^12/(x^12-16)^3: end if: 
   if lev=2 then ro:=256; fun:=x->-256*x^12/(x^12-64)^2; end if;
   if lev=4 then ro:=64: fun:=x->x^12/64: end if; 
end if; 
#
if polcl=RUSSELL then
   if lev=2 then ro:=256: end if: 
   if lev=3 then ro:=108; end if;
   if lev=4 then ro:=64: end if;
   fun:=x->4*x^h;
end if;
o:=time();
#
G := solve({P(u, v), fun(u)-fun(v)}, {u, v});
nn := nops({G}); M:={}; L:={}; 
for j from 1 to nn do  
  Lzvu0:=simplify(evala(convert(G[j],radical))); 
  LLzvu0:=subs({_Z=0,RootOf=0},Lzvu0);
  if LLzvu0<>Lzvu0 then 
    Lzvu0:={v=0,u=0,z=0} 
  else
  end if;
  v0:=op(2,Lzvu0[1]); u0:=op(2,Lzvu0[2]);
  z0:=simplify(evala(fun(u0))); vz0:=evalf(z0,100);
  atu0 := {u = u0, diff(v(u), u) = dv0, diff(v(u), u, u) = ddv0, v(u) = v0}; 
  P1 := evala(Minpoly(u0, x));
  P0 := evala(Minpoly(z0, x)); degz0:=degree(P0);
  P2 := evala(Minpoly(v0, x));
  rulepol := {subs(x = u, P1), subs(x = v(u), P2)};
  Ddv0:=simplify(evala(subs({u=u0,v(u)=v0},simplify(Ddv,rulepol))),rulepol); 
  if (z=z0) in M or z0=0 or z0=1 then  
  else 
     if degz0=degroot then M:={z=z0} union M; L:= {{u=u0,v=v0,z=z0}} union L; end if; 
  end if; 
end do;
print(GREEN(`SPECIAL (OR SINGULAR) VALUES OF z`)); print(); opM:=nops(M);
for j from 1 to nops(M) do print(z[0]=op(2,M[j])); end do; 
print(); print(GREEN(SECONDS = time() - o)); print(); 
print(RED(___________________________________________________________)); 
print(); print();
else end if;
for j from 1 to nops(L) do 
   z0:=op(2,L[j][3]); u0:=op(2,L[j][1]); v0:=op(2,L[j][2]);
   atu0 := {u = u0, diff(v(u), u) = dv0, diff(v(u), u, u) = ddv0, v(u) = v0};  
   P1 := evala(Minpoly(u0, x));
   P0:= evala(Minpoly(z0, x)); degz0:=degree(P0);
   P2 := evala(Minpoly(v0, x));
   rulepol := {subs(x = u, P1), subs(x = v(u), P2)};
   rulepoli := {subs(x = u, P1), subs(x = v, P2)};
   alias(po=pochhammer);
   s:=Pi/arcsin(sqrt(lev)/2):                                                            
   vz0:=evalf(z0,300);
   aalpha0:=evalf(solve(4*x*(1-x)=vz0,x)[1],250);



(12)(12)

> > 

(13)(13)

> > 

> > 

(11)(11)

> > 

> > 

> > 

> > 

> > 

(10)(10)

> > 

> > 

> > 

   bbeta0:=evalf(solve(4*x*(1-x)=vz0,x)[2],250);
   nalpha0:=evalf(hypergeom([1/s,1-1/s],[1],aalpha0),200);
   nbeta0:=evalf(hypergeom([1/s,1-1/s],[1],bbeta0),200);
   cocalbe:=round(evalf(abs(nalpha0/nbeta0)^(-2),180));
   cp0:=identify(evalf(simplify(nalpha0/nbeta0),180));
   primim0:=sqrt(Re(cp0)^2)+I*sqrt(Im(cp0)^2);
   M0:=primim0; D0:=abs(M0)^(-2); d0:=dd;
   primitau:=expand(simplify(I/abs(primim0^2)*primim0/sqrt(lev)));
   bb0:=evala(simplify(Im(primitau)*2*sqrt(1-z0)));
   mba(lev,dd,polclass);
end do;                                                                                
end:

aboutthis();
AUTOMATIC PROOFS OF RAMANUJAN-TYPE SERIES

(using modular Polynomials)
Jesús Guillera

University of Zaragoza
Written in 2023-24
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tryproc();
USE OF MAIN PROCEDURE

RamaPi(level=1,2,3,4, odd prime, degree roots=1,2,3,4, RUSSELL or WEBER)
RUSSELL for levels 2,3,4; WEBER for levels 1,2,4

RamaPi(1,5,1,WEBER);
RamaPi(1,7,1,WEBER);
RamaPi(1,11,1,WEBER);
RamaPi(1,17,1,WEBER);
RamaPi(1,41,1,WEBER);

WEBER

MODULAR EQUATION

SECONDS = .32e-1
__________________________________________________________

SPECIAL (OR SINGULAR) VALUES OF z



> > 

(13)(13)

> > 

> > 

> > 

> > 

> > 

> > 

SECONDS = 18.891

___________________________________________________________

RAMANUJAN SERIES

HYPERGEOMETRIC FORM

SECONDS = .438

******************************************************************************************

RAMANUJAN SERIES

HYPERGEOMETRIC FORM



> > 

(13)(13)

> > 

> > 

> > 

> > 

> > 

> > 

SECONDS = 3.219

******************************************************************************************

RAMANUJAN SERIES

HYPERGEOMETRIC FORM

SECONDS = 5.984

******************************************************************************************
WEBER

MODULAR EQUATION

SECONDS = .141
__________________________________________________________

SPECIAL (OR SINGULAR) VALUES OF z



> > 

(13)(13)

> > 

> > 

> > 

> > 

> > 

> > 

SECONDS = 21.391

___________________________________________________________

RAMANUJAN SERIES

HYPERGEOMETRIC FORM

SECONDS = .984

******************************************************************************************

RAMANUJAN SERIES

HYPERGEOMETRIC FORM



> > 

(13)(13)

> > 

> > 

> > 

> > 

> > 

> > 

SECONDS = .296

******************************************************************************************

SECONDS = 290.234

******************************************************************************************

RAMANUJAN SERIES

HYPERGEOMETRIC FORM

SECONDS = .500

******************************************************************************************



> > 

(13)(13)

> > 

> > 

> > 

> > 

> > 

> > 

RAMANUJAN SERIES

HYPERGEOMETRIC FORM

SECONDS = 15.000

******************************************************************************************
WEBER

MODULAR EQUATION

SECONDS = .297
__________________________________________________________

SPECIAL (OR SINGULAR) VALUES OF z

SECONDS = 50.016

___________________________________________________________



> > 

(13)(13)

> > 

> > 

> > 

> > 

> > 

> > 

RAMANUJAN SERIES

HYPERGEOMETRIC FORM

SECONDS = 2.766

******************************************************************************************

RAMANUJAN SERIES

HYPERGEOMETRIC FORM

SECONDS = 1.515



> > 

(13)(13)

> > 

> > 

> > 

> > 

> > 

> > 

******************************************************************************************

RAMANUJAN SERIES

HYPERGEOMETRIC FORM

SECONDS = 3.891

******************************************************************************************

RAMANUJAN SERIES

HYPERGEOMETRIC FORM

SECONDS = 14.438



> > 

(13)(13)

> > 

> > 

> > 

> > 

> > 

> > 

******************************************************************************************

RAMANUJAN SERIES

HYPERGEOMETRIC FORM

SECONDS = 13.703

******************************************************************************************

RAMANUJAN SERIES

HYPERGEOMETRIC FORM



> > 

(13)(13)

> > 

> > 

> > 

> > 

> > 

> > 

SECONDS = 6.265

******************************************************************************************
WEBER

MODULAR EQUATION

SECONDS = .578
__________________________________________________________

SPECIAL (OR SINGULAR) VALUES OF z

SECONDS = 201.813

___________________________________________________________

RAMANUJAN SERIES

HYPERGEOMETRIC FORM



> > 

(13)(13)

> > 

> > 

> > 

> > 

> > 

> > 

SECONDS = 5.422

******************************************************************************************

RAMANUJAN SERIES

HYPERGEOMETRIC FORM

SECONDS = 11.203

******************************************************************************************

RAMANUJAN SERIES

HYPERGEOMETRIC FORM



> > 

> > 

> > 

(13)(13)

> > 

> > 

> > 

> > 

SECONDS = 6.562

******************************************************************************************

RAMANUJAN SERIES

HYPERGEOMETRIC FORM

SECONDS = 3.609

******************************************************************************************

RAMANUJAN SERIES

HYPERGEOMETRIC FORM



> > 

(13)(13)

> > 

> > 

> > 

> > 

> > 

> > 

SECONDS = 14.906

******************************************************************************************
WEBER

MODULAR EQUATION

SECONDS = 256.687
__________________________________________________________

SPECIAL (OR SINGULAR) VALUES OF z

SECONDS = 3308.516

___________________________________________________________



> > 

> > 

> > 

(13)(13)

> > 

> > 

> > 

> > 

RAMANUJAN SERIES

HYPERGEOMETRIC FORM

SECONDS = 13.516

******************************************************************************************

RAMANUJAN SERIES

HYPERGEOMETRIC FORM

SECONDS = 23.953

******************************************************************************************



> > 

> > 

> > 

> > 

(13)(13)

> > 

> > 

> > 

(14)(14)

> > 

RAMANUJAN SERIES

HYPERGEOMETRIC FORM

SECONDS = 18.281

******************************************************************************************

RAMANUJAN SERIES

HYPERGEOMETRIC FORM

SECONDS = 28.438

******************************************************************************************
RamaPi(2,3,1,RUSSELL);

RUSSELL



> > 

> > 

> > 

(13)(13)

> > 

> > 

> > 

(14)(14)

> > 

MODULAR EQUATION

SECONDS = 2.079
______________________________________________________________

SPECIAL (OR SINGULAR) VALUES OF z

SECONDS = 0.

___________________________________________________________

RAMANUJAN SERIES

HYPERGEOMETRIC FORM

SECONDS = .297

******************************************************************************************



> > 

> > 

> > 

> > 

(13)(13)

> > 

> > 

> > 

(15)(15)

(14)(14)

> > 

RAMANUJAN SERIES

HYPERGEOMETRIC FORM

SECONDS = .203

******************************************************************************************
RamaPi(2,3,1,RUSSELL);

RUSSELL

MODULAR EQUATION

SECONDS = 7.453
______________________________________________________________

SPECIAL (OR SINGULAR) VALUES OF z

SECONDS = .31e-1

___________________________________________________________



> > 

> > 

(16)(16)

> > 

(13)(13)

> > 

> > 

> > 

> > 

(15)(15)

(14)(14)

> > 

RAMANUJAN SERIES

HYPERGEOMETRIC FORM

SECONDS = .234

******************************************************************************************

RAMANUJAN SERIES

HYPERGEOMETRIC FORM

SECONDS = .219

******************************************************************************************
RamaPi(2,5,1,WEBER);
RamaPi(2,7,1,WEBER);
RamaPi(2,11,1,WEBER);
RamaPi(2,13,1,WEBER);
RamaPi(2,19,1,WEBER);
RamaPi(2,29,1,WEBER);
RamaPi(2,5,1,RUSSELL);
RamaPi(2,7,1,RUSSELL);
RamaPi(2,11,1,RUSSELL);
RamaPi(2,29,1,RUSSELL);



> > 

> > 

(16)(16)

> > 

(13)(13)

> > 

> > 

> > 

(15)(15)

(14)(14)

> > 

WEBER

MODULAR EQUATION

SECONDS = .62e-1
__________________________________________________________

SPECIAL (OR SINGULAR) VALUES OF z

SECONDS = 4.672

___________________________________________________________

RAMANUJAN SERIES

HYPERGEOMETRIC FORM



> > 

> > 

(16)(16)

> > 

(13)(13)

> > 

> > 

> > 

(15)(15)

(14)(14)

> > 

SECONDS = .406

******************************************************************************************

RAMANUJAN SERIES

HYPERGEOMETRIC FORM

SECONDS = .328

******************************************************************************************

RAMANUJAN SERIES

HYPERGEOMETRIC FORM



> > 

> > 

(16)(16)

> > 

(13)(13)

> > 

> > 

> > 

(15)(15)

(14)(14)

> > 

SECONDS = .375

******************************************************************************************

RAMANUJAN SERIES

HYPERGEOMETRIC FORM

SECONDS = .969

******************************************************************************************

RAMANUJAN SERIES

HYPERGEOMETRIC FORM



> > 

> > 

(16)(16)

> > 

(13)(13)

> > 

> > 

> > 

(15)(15)

(14)(14)

> > 

SECONDS = .844

******************************************************************************************
WEBER

MODULAR EQUATION

SECONDS = .109
__________________________________________________________

SPECIAL (OR SINGULAR) VALUES OF z

SECONDS = 7.484

___________________________________________________________

RAMANUJAN SERIES



> > 

> > 

(16)(16)

> > 

(13)(13)

> > 

> > 

> > 

(15)(15)

(14)(14)

> > 

HYPERGEOMETRIC FORM

SECONDS = .328

******************************************************************************************

RAMANUJAN SERIES

HYPERGEOMETRIC FORM

SECONDS = .734

******************************************************************************************

RAMANUJAN SERIES



> > 

> > 

(16)(16)

> > 

(13)(13)

> > 

> > 

> > 

(15)(15)

(14)(14)

> > 

HYPERGEOMETRIC FORM

SECONDS = .641

******************************************************************************************

RAMANUJAN SERIES

HYPERGEOMETRIC FORM

SECONDS = 3.110

******************************************************************************************



> > 

> > 

(16)(16)

> > 

(13)(13)

> > 

> > 

> > 

(15)(15)

(14)(14)

> > 

RAMANUJAN SERIES

HYPERGEOMETRIC FORM

SECONDS = .907

******************************************************************************************

RAMANUJAN SERIES

HYPERGEOMETRIC FORM

SECONDS = .547

******************************************************************************************



> > 

> > 

(16)(16)

> > 

(13)(13)

> > 

> > 

> > 

(15)(15)

(14)(14)

> > 

RAMANUJAN SERIES

HYPERGEOMETRIC FORM

SECONDS = .484

******************************************************************************************
WEBER

MODULAR EQUATION

SECONDS = .187
__________________________________________________________

SPECIAL (OR SINGULAR) VALUES OF z

SECONDS = 15.390

___________________________________________________________



> > 

> > 

(16)(16)

> > 

(13)(13)

> > 

> > 

> > 

(15)(15)

(14)(14)

> > 

RAMANUJAN SERIES

HYPERGEOMETRIC FORM

SECONDS = .485

******************************************************************************************

RAMANUJAN SERIES

HYPERGEOMETRIC FORM



> > 

> > 

(16)(16)

> > 

(13)(13)

> > 

> > 

> > 

(15)(15)

(14)(14)

> > 

SECONDS = .594

******************************************************************************************

RAMANUJAN SERIES

HYPERGEOMETRIC FORM

SECONDS = .453

******************************************************************************************

RAMANUJAN SERIES

HYPERGEOMETRIC FORM



> > 

> > 

(16)(16)

> > 

(13)(13)

> > 

> > 

> > 

(15)(15)

(14)(14)

> > 

SECONDS = 6.969

******************************************************************************************

RAMANUJAN SERIES

HYPERGEOMETRIC FORM

SECONDS = .781

******************************************************************************************

RAMANUJAN SERIES

HYPERGEOMETRIC FORM



> > 

> > 

(16)(16)

> > 

(13)(13)

> > 

> > 

> > 

(15)(15)

(14)(14)

> > 

SECONDS = 93.093

******************************************************************************************

RAMANUJAN SERIES

HYPERGEOMETRIC FORM

SECONDS = 11.734

******************************************************************************************
WEBER

MODULAR EQUATION

SECONDS = .328
__________________________________________________________

SPECIAL (OR SINGULAR) VALUES OF z



> > 

> > 

(16)(16)

> > 

(13)(13)

> > 

> > 

> > 

(15)(15)

(14)(14)

> > 

SECONDS = 19.359

___________________________________________________________

RAMANUJAN SERIES

HYPERGEOMETRIC FORM

SECONDS = .812

******************************************************************************************

RAMANUJAN SERIES



> > 

> > 

(16)(16)

> > 

(13)(13)

> > 

> > 

> > 

(15)(15)

(14)(14)

> > 

HYPERGEOMETRIC FORM

SECONDS = .813

******************************************************************************************

RAMANUJAN SERIES

HYPERGEOMETRIC FORM

SECONDS = 9.843

******************************************************************************************



> > 

> > 

(16)(16)

> > 

(13)(13)

> > 

> > 

> > 

(15)(15)

(14)(14)

> > 

RAMANUJAN SERIES

HYPERGEOMETRIC FORM

SECONDS = .282

******************************************************************************************

RAMANUJAN SERIES

HYPERGEOMETRIC FORM

SECONDS = 11.719

******************************************************************************************



> > 

> > 

(16)(16)

> > 

(13)(13)

> > 

> > 

> > 

(15)(15)

(14)(14)

> > 

RAMANUJAN SERIES

HYPERGEOMETRIC FORM

SECONDS = 9.875

******************************************************************************************

RAMANUJAN SERIES

HYPERGEOMETRIC FORM

SECONDS = 1.219

******************************************************************************************
WEBER

MODULAR EQUATION



> > 

> > 

(16)(16)

> > 

(13)(13)

> > 

> > 

> > 

(15)(15)

(14)(14)

> > 

SECONDS = .968
__________________________________________________________

SPECIAL (OR SINGULAR) VALUES OF z

SECONDS = 29.562

___________________________________________________________

RAMANUJAN SERIES

HYPERGEOMETRIC FORM

SECONDS = 1.735



> > 

> > 

(16)(16)

> > 

(13)(13)

> > 

> > 

> > 

(15)(15)

(14)(14)

> > 

******************************************************************************************

RAMANUJAN SERIES

HYPERGEOMETRIC FORM

SECONDS = 1.141

******************************************************************************************

RAMANUJAN SERIES

HYPERGEOMETRIC FORM



> > 

> > 

(16)(16)

> > 

(13)(13)

> > 

> > 

> > 

(15)(15)

(14)(14)

> > 

SECONDS = .735

******************************************************************************************

RAMANUJAN SERIES

HYPERGEOMETRIC FORM

SECONDS = 13.328

******************************************************************************************

RAMANUJAN SERIES

HYPERGEOMETRIC FORM



> > 

> > 

(16)(16)

> > 

(13)(13)

> > 

> > 

> > 

(15)(15)

(14)(14)

> > 

SECONDS = 13.000

******************************************************************************************

RAMANUJAN SERIES

HYPERGEOMETRIC FORM

SECONDS = .625

******************************************************************************************
WEBER

MODULAR EQUATION

SECONDS = 18.515
__________________________________________________________

SPECIAL (OR SINGULAR) VALUES OF z



> > 

> > 

(16)(16)

> > 

(13)(13)

> > 

> > 

> > 

(15)(15)

(14)(14)

> > 

SECONDS = 33.328

___________________________________________________________

RAMANUJAN SERIES

HYPERGEOMETRIC FORM

SECONDS = 5.516

******************************************************************************************



> > 

> > 

(16)(16)

> > 

(13)(13)

> > 

> > 

> > 

(15)(15)

(14)(14)

> > 

RAMANUJAN SERIES

HYPERGEOMETRIC FORM

SECONDS = 21.203

******************************************************************************************

RAMANUJAN SERIES

HYPERGEOMETRIC FORM

SECONDS = 13.610

******************************************************************************************



> > 

> > 

(16)(16)

> > 

(13)(13)

> > 

> > 

> > 

(15)(15)

(14)(14)

> > 

RAMANUJAN SERIES

HYPERGEOMETRIC FORM

SECONDS = 1.547

******************************************************************************************

RAMANUJAN SERIES

HYPERGEOMETRIC FORM

SECONDS = 18.328



> > 

> > 

(16)(16)

> > 

(13)(13)

> > 

> > 

> > 

(15)(15)

(14)(14)

> > 

******************************************************************************************

RAMANUJAN SERIES

HYPERGEOMETRIC FORM

SECONDS = .953

******************************************************************************************

RAMANUJAN SERIES

HYPERGEOMETRIC FORM



> > 

> > 

(16)(16)

> > 

(13)(13)

> > 

> > 

> > 

(15)(15)

(14)(14)

> > 

SECONDS = 228.812

******************************************************************************************

RAMANUJAN SERIES

HYPERGEOMETRIC FORM

SECONDS = 13.391

******************************************************************************************
Error, (in property/ProbablyNonZero) cannot determine if this expression is true or false: ln
(.1e-10*abs(6999711.3*D(v)(-1/2*2^(1/2)*(5^(1/2)-3))+.36757e6))/ln(10) < -6

RUSSELL

MODULAR EQUATION

SECONDS = 1.953
______________________________________________________________

SPECIAL (OR SINGULAR) VALUES OF z

SECONDS = .63e-1

___________________________________________________________



> > 

> > 

(16)(16)

> > 

(13)(13)

> > 

> > 

> > 

(15)(15)

(14)(14)

> > 

RAMANUJAN SERIES

HYPERGEOMETRIC FORM

SECONDS = .687

******************************************************************************************

RAMANUJAN SERIES

HYPERGEOMETRIC FORM



> > 

> > 

(16)(16)

> > 

(13)(13)

> > 

> > 

> > 

(15)(15)

(14)(14)

> > 

SECONDS = .172

******************************************************************************************

RAMANUJAN SERIES

HYPERGEOMETRIC FORM

SECONDS = .328

******************************************************************************************
RUSSELL

MODULAR EQUATION

SECONDS = 3.094
______________________________________________________________

SPECIAL (OR SINGULAR) VALUES OF z

SECONDS = .235

___________________________________________________________



> > 

> > 

(16)(16)

> > 

(13)(13)

> > 

> > 

> > 

(15)(15)

(14)(14)

> > 

RAMANUJAN SERIES

HYPERGEOMETRIC FORM

SECONDS = 1.266

******************************************************************************************

RAMANUJAN SERIES

HYPERGEOMETRIC FORM

SECONDS = .313



> > 

> > 

(16)(16)

> > 

(13)(13)

> > 

> > 

> > 

(15)(15)

(14)(14)

> > 

******************************************************************************************

RAMANUJAN SERIES

HYPERGEOMETRIC FORM

SECONDS = .391

******************************************************************************************
RUSSELL

MODULAR EQUATION

SECONDS = 6.172
______________________________________________________________

SPECIAL (OR SINGULAR) VALUES OF z

SECONDS = .484

___________________________________________________________



> > 

> > 

(16)(16)

> > 

(13)(13)

> > 

> > 

> > 

(15)(15)

(14)(14)

> > 

RAMANUJAN SERIES

HYPERGEOMETRIC FORM

SECONDS = 1.766

******************************************************************************************

RAMANUJAN SERIES

HYPERGEOMETRIC FORM



> > 

> > 

(16)(16)

> > 

(13)(13)

> > 

> > 

> > 

(15)(15)

(14)(14)

> > 

SECONDS = .422

******************************************************************************************

RAMANUJAN SERIES

HYPERGEOMETRIC FORM

SECONDS = 1.187

******************************************************************************************

RAMANUJAN SERIES

HYPERGEOMETRIC FORM



> > 

> > 

(16)(16)

> > 

(13)(13)

> > 

> > 

> > 

(15)(15)

(14)(14)

> > 

SECONDS = .187

******************************************************************************************
RUSSELL

MODULAR EQUATION

SECONDS = 8473.250
______________________________________________________________

SPECIAL (OR SINGULAR) VALUES OF z



> > 

> > 

(16)(16)

> > 

(13)(13)

> > 

> > 

> > 

(15)(15)

(14)(14)

> > 

SECONDS = .829

___________________________________________________________

RAMANUJAN SERIES

HYPERGEOMETRIC FORM

SECONDS = 3.266

******************************************************************************************

RAMANUJAN SERIES

HYPERGEOMETRIC FORM



> > 

> > 

(16)(16)

> > 

(13)(13)

> > 

> > 

> > 

(15)(15)

(14)(14)

> > 

SECONDS = 4.203

******************************************************************************************

RAMANUJAN SERIES

HYPERGEOMETRIC FORM

SECONDS = .266

******************************************************************************************

RAMANUJAN SERIES



> > 

> > 

(16)(16)
> > 

> > 

(13)(13)

> > 

(17)(17)

> > 

> > 

(15)(15)

(14)(14)

> > 

HYPERGEOMETRIC FORM

SECONDS = .406

******************************************************************************************
RamaPi(2, 3, 1, RUSSELL);

RUSSELL

MODULAR EQUATION

SECONDS = 2.140
______________________________________________________________

SPECIAL (OR SINGULAR) VALUES OF z

SECONDS = .16e-1

___________________________________________________________

RAMANUJAN SERIES

HYPERGEOMETRIC FORM



> > 

> > 

(16)(16)

(18)(18)

> > 

(13)(13)

> > 

> > 

(17)(17)

> > 

> > 

(15)(15)

(14)(14)

> > 

SECONDS = .250

******************************************************************************************

RAMANUJAN SERIES

HYPERGEOMETRIC FORM

SECONDS = .219

******************************************************************************************

RUSSELL

MODULAR EQUATION

SECONDS = .687
______________________________________________________________



> > 

> > 

(16)(16)

(18)(18)

> > 

(13)(13)

> > 

(17)(17)

> > 

> > 

(15)(15)

(14)(14)

> > 

SPECIAL (OR SINGULAR) VALUES OF z

SECONDS = .63e-1

___________________________________________________________

RAMANUJAN SERIES

HYPERGEOMETRIC FORM

SECONDS = .375

******************************************************************************************

RAMANUJAN SERIES

HYPERGEOMETRIC FORM



> > 

> > 

(16)(16)

(18)(18)

> > 

(13)(13)

> > 

(17)(17)

> > 

> > 

(15)(15)

(14)(14)

> > 

SECONDS = .484

******************************************************************************************
RUSSELL

MODULAR EQUATION

SECONDS = 1.250
______________________________________________________________

SPECIAL (OR SINGULAR) VALUES OF z

SECONDS = .281

___________________________________________________________

RAMANUJAN SERIES

HYPERGEOMETRIC FORM



> > 

> > 

(16)(16)

(18)(18)

> > 

(13)(13)

> > 

(17)(17)

> > 

> > 

(15)(15)

(14)(14)

> > 

SECONDS = .250

******************************************************************************************

RAMANUJAN SERIES

HYPERGEOMETRIC FORM

SECONDS = .313

******************************************************************************************

RAMANUJAN SERIES

HYPERGEOMETRIC FORM



> > 

> > 

(16)(16)

(18)(18)

> > 

(13)(13)

> > 

(17)(17)

> > 

> > 

(15)(15)

(14)(14)

> > 

SECONDS = .406

******************************************************************************************

RAMANUJAN SERIES

HYPERGEOMETRIC FORM

SECONDS = .703

******************************************************************************************
RUSSELL

MODULAR EQUATION

SECONDS = 19.422
______________________________________________________________



> > 

> > 

(16)(16)

(18)(18)

> > 

(13)(13)

> > 

(17)(17)

> > 

> > 

(15)(15)

(14)(14)

> > 

SPECIAL (OR SINGULAR) VALUES OF z

SECONDS = .234

___________________________________________________________

RAMANUJAN SERIES

HYPERGEOMETRIC FORM

SECONDS = 2.469

******************************************************************************************

RAMANUJAN SERIES

HYPERGEOMETRIC FORM



> > 

> > 

(16)(16)

(18)(18)

> > 

(13)(13)

> > 

(17)(17)

> > 

> > 

(15)(15)

(14)(14)

> > 

SECONDS = 8.907

******************************************************************************************
RUSSELL

MODULAR EQUATION

SECONDS = 3.156
______________________________________________________________

SPECIAL (OR SINGULAR) VALUES OF z

SECONDS = .563

___________________________________________________________

RAMANUJAN SERIES

HYPERGEOMETRIC FORM



> > 

> > 

(16)(16)

(18)(18)

> > 

(13)(13)

> > 

(17)(17)

> > 

> > 

(15)(15)

(14)(14)

> > 

SECONDS = 1.235

******************************************************************************************

RAMANUJAN SERIES

HYPERGEOMETRIC FORM

SECONDS = .437

******************************************************************************************

RAMANUJAN SERIES

HYPERGEOMETRIC FORM



> > 

> > 

(16)(16)

(18)(18)

> > 

(13)(13)

> > 

(17)(17)

> > 

> > 

(15)(15)

(14)(14)

> > 

SECONDS = .578

******************************************************************************************
RUSSELL

MODULAR EQUATION

SECONDS = 13342.187
______________________________________________________________

SPECIAL (OR SINGULAR) VALUES OF z

SECONDS = .500

___________________________________________________________

RAMANUJAN SERIES



> > 

> > 

(16)(16)

(18)(18)

> > 

(13)(13)

> > 

(17)(17)

> > 

> > 

(15)(15)

(14)(14)

> > 

HYPERGEOMETRIC FORM

SECONDS = 4.375

******************************************************************************************

RAMANUJAN SERIES

HYPERGEOMETRIC FORM

SECONDS = 4.407

******************************************************************************************
RUSSELL

MODULAR EQUATION



> > 

> > 

(16)(16)

(18)(18)

> > 

(13)(13)

> > 

(17)(17)

> > 

> > 

(15)(15)

(14)(14)

> > 

SECONDS = 27.437
______________________________________________________________

SPECIAL (OR SINGULAR) VALUES OF z

SECONDS = 1.312

___________________________________________________________

RAMANUJAN SERIES

HYPERGEOMETRIC FORM

SECONDS = .547

******************************************************************************************



> > 

> > 

(16)(16)

(18)(18)

> > 

(13)(13)

> > 

(17)(17)

> > 

> > 

(15)(15)

(14)(14)

> > 

RAMANUJAN SERIES

HYPERGEOMETRIC FORM

SECONDS = .375

******************************************************************************************

RAMANUJAN SERIES

HYPERGEOMETRIC FORM

SECONDS = .438

******************************************************************************************



> > 

> > 

(16)(16)

> > 

(18)(18)

> > 

(13)(13)

> > 

(17)(17)

> > 

> > 

(15)(15)

(19)(19)

(14)(14)

> > 

RAMANUJAN SERIES

HYPERGEOMETRIC FORM

SECONDS = .594

******************************************************************************************
RamaPi(4, 5, 1, RUSSELL);
RamaPi(4, 5, 1, WEBER);

RUSSELL

MODULAR EQUATION

SECONDS = 1.484
______________________________________________________________

SPECIAL (OR SINGULAR) VALUES OF z

SECONDS = .15e-1

___________________________________________________________

RAMANUJAN SERIES



> > 

> > 

(16)(16)

(18)(18)

> > 

(13)(13)

> > 

(17)(17)

> > 

> > 

(15)(15)

(19)(19)

(14)(14)

> > 

HYPERGEOMETRIC FORM

SECONDS = .204

******************************************************************************************
WEBER

MODULAR EQUATION

SECONDS = .31e-1
__________________________________________________________

SPECIAL (OR SINGULAR) VALUES OF z

SECONDS = .141

___________________________________________________________

RAMANUJAN SERIES



> > 

> > 

(16)(16)

(20)(20)

> > 

(18)(18)

> > 

(13)(13)

> > 

(17)(17)

> > 

> > 

(15)(15)

(19)(19)

(14)(14)

> > 

HYPERGEOMETRIC FORM

SECONDS = .172

******************************************************************************************

RAMANUJAN SERIES

HYPERGEOMETRIC FORM

SECONDS = .203

******************************************************************************************
RamaPi(4, 7, 1, WEBER);
RamaPi(4, 7, 1, RUSSELL);

WEBER

MODULAR EQUATION

SECONDS = .31e-1
__________________________________________________________



> > 

> > 

(16)(16)

(20)(20)

(18)(18)

> > 

(13)(13)

> > 

(17)(17)

> > 

> > 

(15)(15)

(19)(19)

(14)(14)

> > 

SPECIAL (OR SINGULAR) VALUES OF z

SECONDS = .282

___________________________________________________________

RAMANUJAN SERIES

HYPERGEOMETRIC FORM

SECONDS = .250

******************************************************************************************

RAMANUJAN SERIES



> > 

> > 

(16)(16)

(20)(20)

(18)(18)

> > 

(13)(13)

> > 

(17)(17)

> > 

> > 

(15)(15)

(19)(19)

(14)(14)

> > 

HYPERGEOMETRIC FORM

SECONDS = .188

******************************************************************************************

RAMANUJAN SERIES

HYPERGEOMETRIC FORM

SECONDS = .234

******************************************************************************************

RAMANUJAN SERIES



> > 

(16)(16)

> > 

(17)(17)

(15)(15)

(19)(19)

> > 

(20)(20)

(18)(18)

(13)(13)

> > 

> > 

> > 

(14)(14)

> > 

HYPERGEOMETRIC FORM

SECONDS = .203

******************************************************************************************
RUSSELL

MODULAR EQUATION

SECONDS = .656
______________________________________________________________

SPECIAL (OR SINGULAR) VALUES OF z

SECONDS = .16e-1

___________________________________________________________

RAMANUJAN SERIES

HYPERGEOMETRIC FORM



> > 

(16)(16)

> > 

> > 

(17)(17)

(15)(15)

(19)(19)

> > 

(20)(20)

(18)(18)

(21)(21)

(13)(13)

> > 

> > 

> > 

(14)(14)

> > 

SECONDS = .234

******************************************************************************************

RAMANUJAN SERIES

HYPERGEOMETRIC FORM

SECONDS = .187

******************************************************************************************
RamaPi(4, 3, 1, RUSSELL);

RUSSELL

MODULAR EQUATION

SECONDS = .719
______________________________________________________________

SPECIAL (OR SINGULAR) VALUES OF z



> > 

(16)(16)

> > 

(17)(17)

(15)(15)

(19)(19)

> > 

(20)(20)

(18)(18)

(21)(21)

(13)(13)

> > 

> > 

> > 

(14)(14)

> > 

SECONDS = 0.

___________________________________________________________

RAMANUJAN SERIES

HYPERGEOMETRIC FORM

SECONDS = .297

******************************************************************************************

RAMANUJAN SERIES

HYPERGEOMETRIC FORM



> > 

(16)(16)

> > 

(17)(17)

(15)(15)

(19)(19)

> > 

> > 

(22)(22)

(20)(20)

(18)(18)

(21)(21)

(13)(13)

> > 

> > 

> > 

(14)(14)

> > 

SECONDS = .188

RamaPi(3,2,1,RUSSELL);

RUSSELL

MODULAR EQUATION

SECONDS = .641
______________________________________________________________

SPECIAL (OR SINGULAR) VALUES OF z

SECONDS = .15e-1

___________________________________________________________

RAMANUJAN SERIES

HYPERGEOMETRIC FORM



> > 

(16)(16)

> > 

(17)(17)

(15)(15)

(19)(19)

> > 

(22)(22)

(20)(20)

(18)(18)

> > 

(21)(21)

(13)(13)

> > 

> > 

> > 

(14)(14)

> > 

SECONDS = .250

******************************************************************************************

RAMANUJAN SERIES

HYPERGEOMETRIC FORM

SECONDS = .359

******************************************************************************************
RamaPi(4,3,1,WEBER);

WEBER

MODULAR EQUATION

SECONDS = .16e-1
__________________________________________________________

SPECIAL (OR SINGULAR) VALUES OF z

SECONDS = .719

___________________________________________________________



> > 

(22)(22)

> > 

(16)(16)

(20)(20)

(18)(18)

(21)(21)

> > 

(13)(13)

> > 

(17)(17)

> > 

> > 

(15)(15)

(19)(19)

(14)(14)

> > 

Error, (in mba) numeric exception: division by zero


