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Introduction

(LP(R), || |lp) usual Lebesgue space 1 < p < oo.
g € LP(R) with 1 < p < oo and € > 0.
Partial Hilbert transforms, H; : LP(R) — LP(R),

i

(He)®) =~ [ ) Ig(t‘s)ds, g € LP(R).

™ S

Riesz's theorem Hg :=lim._ o+ Heg, H : LP(R) — LP(R),
l<p<o



Introduction

Dirichlet kernel, (ds)s>0,

ds(r) == dled) e R\{0}, s>0

™r

D(s) : LP(R) — LP(R), Dirichlet operators, 1 < p < oo,

D(S)(g) = dS * 8, g € LP(R)a

Riesz's theorem implies (D(s))s>0 C B(LP(R)),
Supswo ||D(s)|| < oo, D(s)g — g when s — oo for g € LP(R).



Introduction
Fejér kernel,
, s >0,r € R\{0},
Fejér operators, F(s) : LP(R) — LP(R), F(s)g :=fsx g, .
fy € LY(R), F(s) € B(LP(R)), supssg L[| F(s)]| < o0, $F(s)g — &,

s+ f; NOT Lipschitz in L}(R) but YES in B(LP(R))
Note f5(r) = [ de(r)dt, with r € R and s > 0.

S
fs*ft—2/ fudu + (t — s)fs, 0<s<t.
0



1. UMD spaces
X Banach space, Hilbert transform characterizes UMD-property,
e€(0,1), pe(1,00) and N > 1, H. y € B(LP(R; X))

(Heng)0) =~ [ o gt=5)y  pelrmX).

s S

X is UMD-space < lim. y H- ng =: H(g) and H € B(LP(R; X))



1. UMD spaces
Truncated Dirichlet operators, (Dn(s))s.n>0 C B(LP(R; X))

sin(sr)

dr
glt—r)—, teR.
r 7T

N
Di(s)e(t) == / )
F(s)g) =fx*g, g¢€lLP(RX).

Theorem Let X be a Banach space. Conditions are equivalent.
(i) He B(LP(R; X)) with 1 < p < o0.
(ii) Dirichlet operators (D(s))s>0 C B(LP(R; X)), 1 < p < 00

sup [ D(s)|| := € < oo,
s>0

where D(s)f := NETOO Dn(s)f.

(iii) The Fejér family (F(s))s>o is a Lipschitz function.



1. UMD spaces
Shift group (T(s))ser in LP(R; X), T(s)g = g(- — s), then

H(g)zi/oo ‘*EJ”('_S)aIs:’./Oo T(5)g 4

T ) S T ) o S

Co-groups in UMD-spaces, T = (T(s))ser C B(X),

the Hilbert transform, HOT, where

H{ (x) == L T(s)xds, x € X,
0 ™ s

—00

2 00 ,—irs
HT(x) := I/ ﬂds, x € X,

oo s

have been studied by Berkson, Gillespie, Muhly; Monniaux



Objectives

Our main aims (in this talk and in this paper) are

(i) to give definitions of Hilbert transforms, Dirichlet and Fejér
operators independent of Cy-groups.

(ii) prove results about Hilbert, Dirichlet and Fejér families in
these abstract settings.

(i) recover known cases, in particular in the UMD case.

(iv) give several examples to illustrate our results.
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2. Hilbert families of operators
Definition A Hilbert family H : R — B(X):
(i) sup{l[H(s)|| : s € R} < o0;
(i) H(s)H(t) = H(t)H(s) = H(s) — H(t) + 1, for s < t;
(iii) the function s — H(s)x has H(s~)x and H(s")x;

_ H(sT)x 4+ H(s™)

> XforsG]RandXGX;

(iv) H(s)x

(v) H(s)x — —x and H(s)x — x as s — —oo and as s — +o0.

The operator H(0) will be called the generalized Hilbert transform.



2. Hilbert families of operators

Proposition Let H = (H(s))ser be a Hilbert family. Then
(i) H3(s) = H(s) for s € R.

(i) H(s)x — H(s™)x = x — H?(s)x = H(sT)x — H(s)x.

(ii) H?(st)x = H?(s7)x = x.



2. Hilbert families of operators

Recall a spectral family is a projection-valued E : R — B(X):

(i) sup{lEQV)I : A € R} < oo,

(i) E(QA)E(p) = E()E(X) = E(min{A, u}), for A, p € R;
(iii) E(-)x is right continuous on R;

(iv) E(-)x has a left-hand limit at each point of R, E(s7)x;
(v) EN)x =0, E(A\)x = x as A — —o00, A — +00.

Ax = / AdE(N), x € D(A).

self-adjoint, scalar-type operators, and well-bounded operators



2. Hilbert families of operators
Theorem Let E = (E(\))acr a spectral family. Then
HE = (HE(s))sex,
HE(s)x := E(s)x 4+ E(s7)x — x, x € X,
is a Hilbert family of operators.

Conversely, let H = (H(s)ser be a Hilbert family. Then
Ef = (EM(s))sex
1

EH(s) =1+ > (H(s) — H%(s)), s ER,

is a spectral family.

E = EM® and H = HE".



2. Hilbert families of operators

X Banach space,
A Co-group, (T(t))ter C B(X),
T(t+s)=T(s)T(t), t,s € R,
lims—o T(t)x = x.
A cosine function, (C(t))s>0 C B(X),
C(t+s)+ C(t—s)=2C(t)C(s), t,s >0

t — C(t)x is continuous on X.



2. Hilbert families of operators
Let X be a UMD Banach space, T = (T(t))ter @ Co-group in X.

Corollary The set (H7(s))ser is a Hilbert family where

. 00 fitsT
HT (s)x = ’/ et(t)xdt, x € X.
™ —0o0

Corollary Let X be a UMD Banach space and C = (C(t))ter a
uniformly bounded cosine function,

- N A2 5 C(u)xd
HOC(X) — 2 Ifm / Mds,
€

T e—0,N—oco S

exists for x € X and HS € B(X).



3. Dirichlet families of operators
Definition A Dirichlet family X, D : RT — B(X)

(i) sup{lIDA)]l = A € [0, 00)} < oo
(i) DA)D(p) = D(p)D(A) = D(n), for A > pu > 0;

(iii) D(-)x has a left-hand limit, D(s™)x, and a right-hand limit,
D(s™)x, s € [0,00) and x € X;
D(s)x+ D(s™)
2
(v) D(0) =0 and D(s)x — x when s — oc.

(iv) D?(s)x = X forse [0,00) and x € X;



3. Dirichlet families of operators
Proposition Let (H(s))scr be a Hilbert family. Then (D(s))s>o,

D(s) = %(H(s) _H(-s)), seR,

is a Dirichlet family.

Let (E(A\))xer be a spectral family. Then (D(s))s>0,

D(s)x := = (E(s)x + E(s™)x — E(—s)x — E(—s)x)

N =

is a Dirichlet family.



3. Dirichlet families of operators

(ACE )1 Tlac): Iflac = [ IF()lds < .
0
Theorem Let D = (D(s))s>0 be a Dirichlet family. Define

Op(F)x = — /0 T f(s)D(s)xds, € AC(RY).

®p is an algebra homomorphism of AC(RT) — B(X)

1Po ()l < lIfllacsup D), f € AC(RT).

Moreover (A, D(A)), (generator) o(A) C [0, 00) such that

A+A)Ix = /000 (55_5)32 ds, x e X, A € C\(—00,0].




3. Dirichlet families of operators
Corollary Let X be a UMD Banach space and T = (T(t))ter
a uniformly bounded Co-group. Then (D7 (s))s>0

N o d
DT(s)x := lim / sin(sr) T(r)x—r, xe X,s>0,

N—oo J_ r s

is a Dirichlet family.

Corollary Let X be a UMD Banach space and C = (C(t))ter

a cosine function. Then (D¢(s))s=0 is a Dirichlet family where

N -
D€(s)x := Iim 2/ MC(r)xﬂ, x € X,s>0,
0

N—oo r ™



4. Fejér families of operators

Definition A Fejér family of operators, F : [0, 00) — B(X)

(i) the map t — F(t)x, is continuous.

(i) F(t)F(s)x =2 [§ F(u)xdu+ (t —s)F(s)x, t > s> 0,x € X.
(iii) There exists C > 0 such that ||F(t)|| < Ct for any t > 0.
(iv) F(0) =0 and lim¢_ $F(t)x = x for x € X.

Proposition Let (D(s))s>0 be a Dirichlet family. Then (F(s))s>o,

F(s)x := / D(u)xdu, s >0,
0

is a Fejér family.



4. Fejér families of operators

(ACOE.N laco) + IFlacen = [ (0 e
Theorem Let F = (F(s))s>0 be a Fejér family. Define

Pe(F)x = / f"(s)F(s)xds, e ACH(RT).
0
Then ®f is an algebra homomorphism of AC((RT) into B(X),
1
() < [Iflacw sup(ZIF(I),  f e ACH(RY).
s>0 S
Moreover A (generator) with o(A) C [0, c0) such that
© F(s)x

A+A) Ix = -2 d X A eC\(- .
(A+A) x /0 Ot o) s, x e X, € C\(—0, 0]




4. Fejér families of operators

(WIGP] (T(2))secr | T()] < c(‘ ’) with0< a <1

1 T
FT(s)x := / @eszdz, x € X.
210 Jp,—1  Z

(2) (T(t))ter such that || T(t)|| < C, then

% 1 — cos(st) dt
T —

— 00

(3) (C(t))t>0 such that ||C(t)|| < C, then

001_
FC(s)x::2/ ‘;Zs(sﬂca)x‘:f, x € X.
0



5. Comments and examples
Open question:given (D(s))s>o a Dirichlet family in a UMD space,

does there exist (H(s))ser a Hilbert family such that
1
D(s) = 5(H(s) = H(=s))?
In the case of Cyp-group, YES.

(C(t))¢>0 cosine functions in a UMD, there exists (T(t)):er

T(t)+ T(-t)

t > 0.
2 ) =

C(t) =

Some results may be proved using “transference principle”



5. Comments and examples
(1) Take X = LY(R), and T = (T(s))ser T(s)f(t) := e™f(t).

e*ISreItr

HT (s)f(t) = /R drf (£) = —sgn(t — s)F(t).

r
For s > 0, we may compute (D7 (s))s>0 by

D)) = [ T e Lre) = L0 ().

r

Then (D7 (s))s>0, (H'(5))ser C B(X).



5. Comments and examples
(2) Take X = C([r,27]), T = (T(s))ser, T(s)f(t) := e™f(t).

HT(s)f(t) = —sgn(t — s)f(t),

for t € [m,27]. Note that HT (s)f € X & s > 2w or s < .

DT(s)(8) = X(em(OF () + px(a(DF(D),  te[m2n]

Then DT(s)f e X & 0<s<m, ors>2m.



5. Comments and examples
(4) T, X = C(T), T = (T(t))eer, T(t)f(z) := f(e "z)
Then HT(s) & B(X) for s € R and (D7 (s))s>0 C B(X).
Take P(z) =S P(j)Z

j=—m

(HT(0)P)(2) = Z sen())P())z,  zeT.

Suppose that H'(0) € B(X),

| Z sgn()PU)Z |l < IHT Q)| Y PU)Z|

j=—m Jj=—m

f € C(T), the conjugate Fourier series for f is the
Fourier series of a function f € C(T). False: HT(0) ¢ B(X).



5. Comments and examples

Similar ideas HT (s) for s € R.
Take Q=37 QR()Z, s =n+r. Then

(DT(5)Q)(2) = (Da(@))(2) — %X{O}(r)(@?(—n)f” +Q(n)z"),

where D,(Q) := Y =" Q(j)Z. D7 (s) € B(X) & D, € B(X).

Since || Dy| ~ log(n), (D7 (s))s>0 C B(X), supssg | D7 (s)]| = oo
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