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• Joint work with José Luis Torrea (UAM), Jorge Betancor,
Alejandro Sanabria & Lourdes Rodrı́guez-Mesa (ULL)
To appear in Journal Of Functional Analysis.

Non negative selfadjoint second order differential operator L

• Tt = e−tL diffusion semigroup associated to L.

• Pt = e−t
√

L Poisson subordinated semigroup:

Pt f (x) =
1√
Π

∫
∞

0

t
s3/2 e−t2/4sTsf (x)ds
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Operators in Harmonic Analysis (Stein)

1 Maximal Operators

T ∗t f (x) = supt>0|Tt f (x)|, P∗t f (x) = supt>0|Pt f (x)|

2 Riesz transform: If L = ∂ ∗∂ , ∂ first order differential

operator & L−
1
2 =

1√
Π

∫
∞

0

Tt f (x)√
t

dt

R+ = ∂L−1/2, R− = ∂ ∗L−1/2

3 Littlewood-Paley Functions (1 < q < ∞)

gT (f )(x) = ||∂tTt f (x)||qLq(R+,tq−1dt)

gP(f )(x) = ||∂tPt f (x)||qLq(R+,tq−1dt)
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Hermite Expansion
Laguerre Expansion
Maximal Operator
Riesz Transform

Hermite (Harmonic oscillator )

H =− d2

dx2 + x2.

• H is selfadjoint.
• Eigenfunctions: Hermite functions {hn}∞

n=0

hn(x) = (
√

π2nn!)−1/2Hn(x)e−x2/2, x ∈ R

where Hn denotes the n-th Hermite polynomials.
• Eigenvalues: H(hn) = (2n + 1)hn.
• {hn}∞

n=0 complete orthonormal system in L2(R).
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Heat Semigroup
Diffusion Integral

e−tH f (x) =
∫

∞

−∞

Wt (x ,y)f (y)dy , f ∈ L2(R),

Heat Kernel

Wt (x ,y) =
∞

∑
n=0

e−(2n+1)thn(x)hn(y)

=
1√
π

(sinh 2t)−1/2e−
1
2 |x−y |2 coth 2t−xy tanh t

for x ,y ∈ R, t > 0.
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Laguerre-Hermite Differential Operator

Lα =
1
2

{
− d2

dx2 + x2 +
1
x2

(
α

2− 1
4

)}
, x ∈ (0,∞), α >−1.

• Lα is selfadjoint.
• Eigenfunction: Laguerre’s functions {ϕα

n }∞

n=0

ϕ
α
n (x) =

(
Γ(n + 1)

Γ(n + 1 + α)

)1/2

e−x2/2xαLα
n (x2)(2x)1/2,

where {Lα
n }∞

n=0 are the Laguerre polynomials of order α .
• Eigenvalues: Lα (ϕα

n ) = (2n + α + 1)ϕα
n .

• {ϕα
n }∞

n=0 complete orthonormal system L2((0,∞)).
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Heat semigroup
Diffusion Integral

e−tLf (x) =
∫

∞

0
W α

t (x ,y)f (y)dy , f ∈ L2(R),

Heat Kernel

W α
t (x ,y) =

∞

∑
n=0

e−(2n+1+α)t
ϕ

α
n (x)ϕ

α
n (y)

= 2(xy)1/2 e−t

1−e−2t Iα
( 2xye−t

1−e−2t

)
e−

1
2 (x2+y2) 1+e−2t

1−e−2t

para x ,y ∈ R, t > 0.
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Maximal Theorem Hermite (Muckenhoupt, Sjögren)(Garcı́a
Cuerva, Torrea, Mauceri, Meda)
Let the semigroup {Tt} associated to H. Then T ∗, P∗ are
bounded on Lp, 1 < p ≤ ∞ and weak-L1.

Maximal Theorem Laguerre (Stempak, Macı́as, Segovia,
Torrea, Chicco Ruiz, Harboure)(Muckenhoupt, Dinger)

• L∗α and P∗α are bounded in Lp (1 < p ≤ ∞) and L1 into
weak-L1 (α >−1

2)

• L∗α and P∗α are bounded in Lp (−1 < α <−1
2) with an

optimal interval of p′s depending on α
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Riesz-Hermite Transform (Thangavelu, Torrea, Stempak)
Factorization

H =
1
2

(∂
∗
∂ + ∂∂

∗)

where ∂ ∗ = d
dx −x & ∂ = d

dx + x

Riesz-Hermite Transform

Integral representation in L2

• R+f (x) =
( d

dx
+ x
)

H−1/2f (x) =
∫

∞

−∞

R+(x ,y)f (y)dy

• R−f (x) =
( d

dx
−x
)

H−1/2f (x) =
∫

∞

−∞

R−(x ,y)f (y)dy
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Kernels R+(x ,y), R−(x ,y)

• Standard Calderón-Zygmund Kernel. Principal Value.
• Boundedness in Lp and weak-L1

• Estimates with weights in Muckenhoupt class.
• Banach valued functions. Riesz Transform in

Lebesgue-Bochner spaces.
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Riesz-Laguerre Transform (Gutiérrez, Incognito, Torrea,
Harboure, Viviani, Segovia, Nowak, Stempak...)
• Factorization

Lα =
1
2

D∗αDα + α + 1,

where Dα f = xα+1/2 d
dx (x−(α+1/2)f ) + xf .

Riesz-Laguerre Transform

Integral representation in L2

• Rα f (x) = DαL−1/2f (x) =
∫

∞

0
Rα (x ,y)f (y)dy

• Kernel Rα (x ,y): Standard Calderón-Zygmund. Principal
Value.
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Other Laguerre expansion
• Different families of Laguerre functions (Differential

Operators Laguerre Type).
• The infinitesimal generators are conjugated by

”isometries”in L2 (Macı́as, Segovia, Torrea).
• Estimations for a family are transferred to other family via

conjugation.
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Heat semigroup
Poisson semigroup

Hermite ‘versus’ Laguerre

Classical relation: Hermite d-dimensional⇒ Laguerre
1-dimensional (Gutiérrez, Incognito, Torrea, ...)

For α = d/2−1, x ∈ Rd

Lα

k (|x |2) = ∑
|r |=k

ar H2r (x), r = (r1, . . . , rn) ∈ Nd

where

Hr (x) =
d

∏
i=1

Hri (xi)

• Hr (x): Eigenfunctions of Hermite ∆ + |x |2 (d-dimensional)
with d = r1 + · · ·+ rd .

• Laguerre ≡ Hermite d-dimensional & Transplantation
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Heat semigroup
Poisson semigroup

Hermite 1-dimensional ‘⇔’ Laguerre 1-dimensional

Pointwise Identity between heat kernels

W α
t (x ,y)−Wt/2(x ,y) = h(t ,x ,y)Wt/2(x ,y)

where

h(t ,x ,y) =
{√

2π

( 2xye−t

1−e−2t

)1/2
Iα
( 2xye−t

1−e−2t

)
e−

2xye−t

1−e−2t −1
}

.
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Heat semigroup
Poisson semigroup

Outline Proof

y>2x

Global Region

x/2 < y < 2x

Local Region

y<x/2

Global Region

y

x

• Estimation in global Region.
• Comparison in local Region.
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Heat semigroup
Poisson semigroup

Outline Proof

Main tools
• asymptotic behavior of modified Bessel function Iα .

• Singularity localizable in
2xye−t

1−e−2t > 1.

Kernel’s estimation: global region

• W α
t (x ,y)≤ Cyα+1/2x−α−3/2, t > 0, 0 < y < x/2.

• W α
t (x ,y)≤ Cxα+1/2y−α−3/2, t > 0, 0 < y < x/2

• |Rα (x ,y)| ≤ Cyα+1/2x−α−3/2, 0 < y < x/2.
• |Rα (x ,y)| ≤ Cxα+3/2y−α−5/2, 2x < y .
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Comparison: Local Region: 0 < x/2 < y < 2x .

• |W α
t (x ,y)−Wt/2(x ,y)| ≤ C

y , t > 0.

•
∣∣∣Rα (x ,y)−R+(x ,y)

∣∣∣≤ C
y

(
1 +

(xy)1/4

|x−y |1/2

)
Riesz-Laguerre Transform
• Global Region

• Positives Operators of Hardy Type (potential weights)
• Local Region

• Positive Operator with integrable singularity.
• Local Riesz-Hermite transform (Calderón-Zygmund local

-Nowak, Stempak, 2005-; potential weights)
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Subordinated Poisson semigroup

• PH
t f =

t
2
√

π

∫
∞

0

e−
t2
4u

u
3
2

W H
u f du, t > 0(Hermite)

• Pα
t f =

t
2
√

π

∫
∞

0

e−
t2
4u

u
3
2

W α
u f du, t > 0 (Laguerre)

g-functions

• gH
q (f )(x) =

{∫
∞

0

∥∥∥∥t
∂

∂ t
PH

t (f )(x)

∥∥∥∥q

B

dt
t

}1/q

• gα
q (f )(x) =

{∫
∞

0

∥∥∥∥t
∂

∂ t
Pα

t (f )(x)

∥∥∥∥q

B

dt
t

}1/q

.
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Heat semigroup
Poisson semigroup

Boundedness g-function

Boundedness g-function Laguerre

• gS
q,loc(f )(x) =

{∫
∞

0

∥∥∥∥t
∫ 2x

x/2

∂

∂ t
PS

t (x ,y)f (y)dy
∥∥∥∥q

B

dt
t

}1/q

, x ∈

(0,∞) (S = α or S = H Laguerre or Hermite
respectively)(local version)

• gα
q,glob,+(f )(x) =

{∫
∞

0

∣∣∣∣∣∣t ∫ ∞

2x

∂

∂ t
Pα

t (x ,y)f (y)dy
∣∣∣∣∣∣q

B

dt
t

}1/q

(global version)

• gα
q,glob,−(f )(x) =

{∫
∞

0

∣∣∣∣∣∣t ∫ x/2

0

∂

∂ t
Pα

t (x ,y)f (y)dy
∣∣∣∣∣∣q

B

dt
t

}1/q

(global version)
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Estimation Global Operator

• gα
q,glob,+(f )(x)≤ Cxα+ 1

2

∫
∞

2x

‖f (y)‖B
yα+ 3

2
dy

• gα
q,glob,−(f )(x)≤ C

xα+ 3
2

∫ x/2

0
‖f (y)‖Byα+ 1

2 dy

• |gα
q,loc(f )(x)−

√
2gH

q,loc(f )(x)| ≤

C
∫ 2x

x/2
‖f (y)‖B

∫
∞

0

1
s
|W α

s (x ,y)−
√

2W H
s (x ,y)|dsdy ≤

C
∫ 2x

x/2
‖f (y)‖B

1
x

(
1 +

(
x

|x−y |

)1/2
)

dy
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Applications. Laguerre Riesz Transform

Banach Spaces B with UMD property (Unconditional
Martingale Difference)
• Extension of Riesz inequality (conjugate function - Hilbert

transform) to Lebesgue-Bochner spaces. Lp
B((0,1),dx),

1 < p < ∞.
• UMD⇔ Boundedness of Hilbert transform for (all) p,

1 < p < ∞ (Burkholder-Bourgain).
• Independent Property on p, 1 < p < ∞.
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Theorem
Let B Banach space, α >−1, σ ∈ R, 1 < p < ∞. TFAE:

i) B has the UMD property.
ii) Rα has a bounded extension on Lp

B((0,∞),xσ dx), for σ

verifying: −p(α + 3/2)−1 < σ < p(α + 3/2)−1

Outline of proof
• B is UMD⇔ Boundedness of Hilbert transform⇔

Boundedness of Riesz-Hermite transform.
• Boundedness of Riesz-Hermite transform⇔ Boundedness

of Riesz-Laguerre transform.
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Theorem
Let B a Banach space, q ≥ 2 and α >−1. TFAE:
• B has q-martingale cotype.
• We denote Ωα = (1,∞), when α >−1

2 , and

Ωα =
( 2

2α + 3
,
−2

2α + 1

)
, when −1 < α ≤−1

2 . For every (or,

equivalently, for some) p ∈ Ωα there exists Cp > 0 such that

||gα
q (f )||Lp(0,∞) ≤ Cp||f ||Lp

B(0,∞), f ∈ Lp
B(0,∞).

• For every (or, equivalently, for some) 1 < p < ∞ there exists
Cp > 0 such that

||gH
q (f )||Lp(R) ≤ Cp||f ||Lp

B(R), f ∈ Lp
B(R).
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Outline of the proof of Theorem cotype

Lemma 1
Let B be a Banach space and 1 < p,q < ∞. The following
assertions are equivalent.

a) gH−I/2
q is bounded from Lp

B(R) into Lp(R).

b) gH−I/2
q,loc is bounded from Lp

B(0,∞) into Lp(0,∞).

c) gH
q is bounded from Lp

B(R) into Lp(R).

d) gH
q,loc is bounded from Lp

B(0,∞) into Lp(0,∞).
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Lemma 2

Let B be a Banach space and 1 < q < ∞. Then, if gH
q,loc defines

a bounded operator from Lp
B(0,∞) into Lp(0,∞), for some

1 < p < ∞, then it is true for every 1 < p < ∞.

Lemma 3
Let B be a Banach space, α >−1, 1 < q < ∞, and p ∈ Ωα . The
following assertions are equivalent.

1 gα
q is bounded from Lp

B(0,∞) into Lp(0,∞).

2 gH
q,loc is bounded from Lp

B(0,∞) into Lp(0,∞).
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Applications. Laguerre Riesz Transform

Outline of proof

• g2H−I
q = gH−I/2

q , 1 < q < ∞.

• gL
q (f ) = U−1g2H−I

q (Uf ), f = ∑k ckhk (L Ornstein-Uhlenbeck
operator) (Uf (x) = e−x2/2f (x))

• B has martingale cotype⇔ gL
q bounded on L2

B(R,e−x2
dx)

(Martı́nez, Torrea, Xu).

Work in progress
• Lp-boundedness of higher order Riesz Transform for

Laguerre expansion (preprint).
• Lp-boundedness of higher order gα

q -function.
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