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Laguerre Polynomials
For a given α > −1, the Laguerre polynomials Lα

n are

e−xxαLα
n (x) =

1

n!

dn

dxn

(
e−xxn+α

)
for x ∈ (0,∞).
They are also eigenvectors with eigenvalues n for

Lα = −x
d2

dx2
− (α + 1− x)

d

dx
, x > 0.

I Lα is self-adjoint on C∞
c with respect to the measure

e−xxαdx .

I Lα is positive.

After normalization, they constitute a basis for L2(R+, e−xxαdx).
More precisely∫ ∞

0
Lα

k (x)Lα
j (x)e−xxα dx =

Γ (k + α + 1)

Γ (k + 1)
δkj .



Systems of Laguerre functions, α > −1

Lα
n (x) = cα

n Lα
n (x)e−x/2xα/2

ϕα
n (x) = cα

n Lα
n (x2)e−x2/2xα+1/2 = Lα

n (x2)(2x)1/2

`α
n (x) = cα

n Lα
n (x)e−x/2 = Lα

n (x)x−α/2

They are respectively the eigenfunctions of

Lα
L = −x

d2

dx2
− d

dx
+

x

4
+

α2

4x

Lα
ϕ =

1

4

{
− d2

dx2
+ x2 +

1

x2

(
α2 − 1

4

)}
Lα

` = −x
d2

dx2
− (α + 1)

d

dx
+

x

4

In all cases the sequences of eigenvalues are
{
n + α+1

2

}∞
n=0



L with a discrete spectrum
For L self-adjoint with respect to µ and with positive eigenvalues
λk and eigenfunctions φk the heat semigroup is

Tt f = e−tLf =
∞∑

k=1

e−tλk 〈f , φk〉φk

u(x , t) = Tt f (x) solves the problem
∂u
∂t = −Lu, t > 0,

u(x , 0) = f (x).

It may be seen as an integral operator

Tt f (x) =

∫
X

W (t, x , y)f (y)µ(y)dy ,

where W (t, x , y) =
∞∑

k=1

e−tλk φk(x)φk(y)



Some operators derived from Tt

I The heat maximal operator

T ∗f = sup
t>0

|Tt f |.

I The Fractional integration

L−σf (x) =
1

Γ(σ)

∫ ∞

0
Tt f (x)tσ−1dt, σ > 0

I Riesz Transforms: If L = D∗
L · DL we may introduce

DL ◦ L−1/2 and D∗
L ◦ L−1/2

I The Litlewood-Paley square function

g(f )(x) =

(∫ ∞

0
| ∂

∂t
Tt f (x)|2t dt

)1/2



Heat kernels for Laguerre systems

KLα(t, x , y) =
∑∞

n=0 e−tλnLα
n (x)Lα

n (y)

Kϕα(t, x , y) =
∑∞

n=0 e−tλnϕα
n (x)ϕα

n (y) = 2(xy)1/2KLα(t, x2, y2)

K`α(t, x , y) =
∑∞

n=0 e−tλn`α
n (x)`α

n (y) = (xy)−α/2KLα(t, x , y).



A formula for the Lα
k case

After performing a change in the parameter

KLα(t, x , y) = WLα

(
1−e−t/2

1+e−t/2 , x , y
)

WLα(s, x , y) = 1
2

1−s2

2s e−
1
4
(s+ 1

s
)|x1/2−y1/2|2e−

1
2
(s+ 1

s
)(xy)1/2

Iα
(

1−s2

2s (xy)1/2
)

for 0 < s < 1, and Iα(z) = e−iαπJα(iz), with Jα the usual Bessel
function.



Searching for Riesz Transforms for Lα
k

Question: What are the RT in this setting?
A path to follow: Thangavelu definition for Hermite functions +
Formula relating Hermite d-dimensional with Laguerre on (0,∞)
for 2α = d − 2

Lα − (
α + 1

2
) = (δα)∗δα = ∂α+1δα.

As first order differential operators

δα =
√

x
d

dx
+

1

2
(
√

x− α√
x
) and ∂α+1 = −

√
x

d

dx
+

1

2
(
√

x−α + 1√
x

).

Their action on the corresponding basis is

δα(Lα
k ) = −

√
k Lα+1

k−1 , and ∂α+1(Lα+1
k ) = −

√
k + 1 Lα

k+1.



Riesz Transforms for Lα
k

We define

Rα
+ = δα(Lα)−1/2, and Rα+1

− = ∂α+1(Lα+1)
−1/2.

Action on the corresponding basis

Rα
+(Lα

k ) = −
√

k√
k + α+1

2

Lα+1
k−1

Rα+1
− (Lα+1

k ) = −
√

k + 1√
k + α+2

2

Lα
k+1.



From Hermite to Laguerre

Relation between Hermite d-dimensional and Laguerre functions:

Lα
k (|x |2) = cα

k

∑
|r |=k

ar

b2r
Φ2r (x)|x |α, x ∈ Rd , α =

d

2
− 1.

Trough this relation, according to our definition it holds

|Rα
+(f ) ◦ ρ(x)| =

 d∑
j=1

|R+
j (

f ◦ ρ

| · |α
)(x)|2

1/2

|x |α,

where α = (d − 2)/2 and ρ(x) = |x |2, with a similar equation for
the others RT.



First power weighted inequalities for special α

Let α > −1 and α = (d − 2)/2.
We (HTV) take advantage of Stempak-Torrea results for Hermite
trough the following result:
For a pair as above, when the Hermite version Td is bounded from

Lp(Rd , |x |γdx) 7→ Lp
F (Rd , |x |γdx),

the Laguerre version Tα is bounded from

Lp((0,∞), y δdy) 7→ Lp
E ((0,∞), y δdy),

where δ satisfies
γ = α(p − 2) + 2δ.

−d < γ < d(p − 1) 7→ −1− α

2
p < δ <

α

2
p + p − 1



Riesz Transforms with any α

Our starting point is

Rα
+ = T β+1

α+1 ◦ T β+1
m ◦ Rβ

+ ◦ Tα
β ,

where Tα
β is the transplantation operator

Tα
β (

∑
akLα

k ) =
∑

akLβ
k ,

and T β
m is a multiplier operator for the system Lβ

k .
Reminding that

Rα
+(Lα

k ) = cα
k Lα+1

k−1

Clearly the above chain is

Lα
k 7→ Lβ

k 7→ cβ
k L

β+1
k−1 7→ cα

k L
β+1
k−1 7→ cα

k Lα+1
k−1



Riesz Transforms with any α

Reminding
Rα

+ = T β+1
α+1 ◦ T β+1

m ◦ Rβ
+ ◦ Tα

β ,

Needed tools:

I Lp(xδ) inequalities for Rα
+, α = (d − 2)/2.

I Lp(xδ) inequalities for multipliers with α = (d − 2)/2. It can
be derived from Hermite or from results of Stempak and
Trebels, when α > 0.

I A power weighted version of the Transplantation Theorem of
Kanjin and Sato due to Stempak and Trebels.



Some power inequalities for Riesz Transforms

Theorem
Let α > −1 and 1 < p < ∞. Then the Laguerre Riesz Transforms
Rα

+ and Rα+1
− are bounded on Lp((0,∞), xδdx) whenever

−1− αp/2 < δ < (p − 1) + αp/2, and α ≤ 0

or
−1 < δ < p − 1, and α > 0.

I Remark: The range for α ≤ 0 was the expected one, but one
might expect the same range also for α > 0. In fact, for the
special values of α we do not recover what was proven.

I Moral: Multiplier and Transplantation Theorems should be
improved.(To be continued).

I Alternative: Face the Riesz kernels. (To be continued).



Meanwhile....
Macias-Segovia-Torrea attacked the Maximal heat kernel.
Stempak (1994) For α ≥ 0

W α
t f (y) ≤ Cαe−t/4M0f (y).

MST (2005) Same bound for α ≥ 0 and...
If −1 < α ≤ 0, we denote β = −α. Then

W α
t f (y) ≤ C

(
e−t/4M0f (y)+e−t(1−β)/4y−β/2Mβ

(
z−β/2f (z)

)
(y)

)
.

Theorem
For −1 < α < 0, let Nα = (2/ (2 + α) , 2/ (−α)) . Then, W ∗

α is

(a) strong type (p, p) if p belongs to Nα

(b) weak type on the right end.

(c) restricted weak type on the left end.

Moreover, the results are sharp



Also, some weighted results for the maximal

[MST] refined their estimates to get for the interval

Nδ
α =


(

2 (1 + δ)

2 + α
,
2 (1 + δ)

−α

)
∩ (1,∞) if −1 < α < 0,(

2 (1 + δ)

2 + α
,∞

]
∩ (1,∞] if α ≥ 0.

Theorem
Let −1 < α < ∞ and −1 < δ < ∞. Then, W ∗

α is of strong type
(p, p) with respect to the measure xδdx whenever p is in Nδ

α.
Moreover for the left end is of restricted weak type and for the
right is of weak type, and all the results are sharp.



New and better bounds

Lemma
Let −1 < α. We have the following estimates for the heat diffusion
integral W α

t f (y) :
a) If −1 < α ≤ 0, we denote β = −α. Then, we get

W α
t f (y) ≤ Cα

{
e−t/4M0f (y) + e−t(1−β)/2y−β/2Mβ

(
z−β/2f (z)

)
(y)

}
.

b) If α ≥ 0, we have

W α
t f (y) ≤ Cαe−t/4

{
MR f (y) + M+f (y) + y−α/2 1

y

∫ y

0
zα/2f (z) dz

}
.



Riesz Transforms revisited

With some new weapons, we take courage to face the Riesz kernels

I The estimates and technics developed to handle the maximal
operator.

I The theory of local Calderón-Zygmund singular integrals
introduced by Nowak-Stempak when studying the Hankel
transform Transplantation operator.

The plan:

I Show that when x ≈ y the restriction of Rα
+ and Rα+1

− are
local Calderón-Zygmund operators

I Outside of that region try to bound in terms of the global part
of the maximal operators or else, Hardy type operators.

It turned out that the boundedness properties for the pair of RT
were a little bit worse than those obtained for the maximal
operator.



Maximal revisited

Some new tasks for the maximal operator:

I Get rid of the restriction δ > −1.

I Obtain the same kind of bounds for all values of α > −1.

I Enlarge the family of weights

I Extend the results to the other systems.

Achievements (with A. Chicco-Ruiz)

I For all values of α > −1 we get

W∗
Lα . H

α/2
0 + M16

loc + Tα/2,

where the last operator is bounded by H
α/2
∞

I For power weights the same results of MST but for any δ

I Boundedness on Lp(ω) as long as
ω(x)xpη−η−β ∈ Ap(x

η+βdx), with η = β = α/2 for the
system Lα

k



Precise bounds for the maximal operators

Hβ
0 f (x) = x−β−1

∫ x

0
f (y)yβdy

Hη
∞f (x) = xη

∫ ∞

x
f (y)y−η−1dy ,

T ηf (x) = sup
0<s<1

|xη

∫ ∞

x
ϕ(y/s)f (y)y−η−1dy |

Mκ
loc f (x) = sup

0<a<x<b<κa

1

b − a

∫ b

a
|f (y)|dy

Strong type: Hβ
0 : δ < βp + p− 1. Hη

∞: δ > −ηp− 1. Mκ
loc : any δ.

For the system Lα
k we get

β = η = α/2 and ϕ(u) = uεe−cu



The Maximal for the other systems

From the equalities

Kϕα(t, x , y) = 2(xy)1/2KLα(t, x2, y2)

K`α(t, x , y) = (xy)−α/2KLα(t, x , y),

we immediately obtain

W ∗
ϕα . H

α+ 1
2

0 + M4
loc + Tα+ 1

2 ,

and

W ∗
`α . Hα

0 + M16
loc + T 0.

Similarly we get bounds from below.



RT final version

Here is the result we obtained with Segovia, Torrea and Viviani

‖Rα‖(f ) =
(
|Rα

+f |2 + |Rα+1
− f |2

)1/2
.

Theorem
Let α > −1 and δ a real number. Then the operator ‖Rα‖
satisfies:

(a) Strong type (p, p) with respect to xδ dx when
−α

2 p − 1 < δ < α
2 p + p − 1 and 1 < p < ∞.

(b) Weak type (1, 1) with respect to xδ dx when −α
2 − 1 ≤ δ ≤ α

2
if α 6= 0 and −1 < δ ≤ 0 when α = 0.

(c) Restricted weak type (p, p) with respect to xδ dx, if either
α 6= 0 and −α

2 p = δ + 1 for some 1 < p < ∞, or if
α+2

2 p = δ + 1 for some 1 < p < ∞.



Multipliers and Transplantation
Some similarities

Tα
β : Lα

k → Lβ
k

Rα
+ : Lα

k → ckLα+1
k−1

Our hope: to get a similar range of powers.
Result: (with Garrigós, Signes, Torrea, Viviani)

Theorem
Let −1 < α < β and 1 < p < ∞. Then the operators Tα

β and T β
α

admit a bounded extension to Lp(xδ, dx) if and only if

−1− α

2
p < δ <

α

2
p + p − 1

Previously known range:

|γ|
2

p − 1 < δ < p − 1− |γ|
2

p, where γ := min{α, 0}.



Fractional integration ...under construction
For α > −1 and 0 < σ < min{α + 1, 1} set

I σ
α f (x) =

1

Γ(σ)

∫ ∞

0
Tt f (x)tσ dt

t
.

We get the estimates

I σ
α . Tα,σ

0 + T σ,κ
loc + Tα,σ

∞ ,

where

Tα,σ
0 f (x) = e−xxσH

α/2
0 f (x),

Tα,σ
∞ f (x) is the adjoint of the above operator, and

T σ,κ
loc f (x) = min

0≤ε≤σ

xσ−ε

1 + x2σ−ε
Mε,κ

loc f (x),

with

Mε,κ
loc f (x) = sup

0<a<x<b<κa

1

(b − a)1−ε

∫ b

a
|f (y)|dy .



Some power weighted results for I σ
α

Boundedness on Lp
δ , Lp,1

δ , Lp,∞
δ , where ‖f ‖Lp,q

δ
= ‖f ‖Lp,q(xδp).

Theorem
Let α > −1, 0 < σ < min{1, α + 1} and 1 ≤ p, q ≤ ∞ such that
1
q = 1

p − σ. Then I σ
α satisfies the following sharp results:

I For 1 < p, q ≤ ∞, I σ
α continuously maps Lp

δ in Lq
δ if

− 1
p + σ − α

2 < δ < − 1
p + α

2 + 1.

I For 1 < p, q < ∞, I σ
α continuously maps Lp,1

δ in Lq,∞
δ if

δ = − 1
p + α

2 + 1 or δ = − 1
p + σ − α

2 with α 6= 0 and

α 6= 2σ.

I For p = 1 and q = 1
1−σ , I σ

α continuously maps Lp
δ in Lq,∞

δ if

−1 + σ − α
2 ≤ δ ≤ α

2 , excluding the left end when α = 0.

I For p = 1
σ and q = ∞, I σ

α continuously maps Lp,1
δ in Lq

δ if

δ = −α
2 or δ = α

2 + 1− σ and α 6= 2σ.


	Introduction



