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Introduction

Introduction

@ Recent development on Riesz transforms related to
orthogonal expansions

Unified approach to the L?-theory of Riesz transforms for
orthogonal expansions (differential “Laplacians”)

Motivation: extension to non-differential “Laplacians”

Choice of Dunkl’'s framework

Interest in L2 (primarily) and in LP theory (whenever possible)
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Fundamental objects and facts
Dunkl’s harmonic oscillator
Riesz transforms for DHO

General Dunkl’s setting

Setting (emerging from reflection symmetries in R?)

o Finite reflection group G C O(R)
@ Root system R C RY
e G-invariant multiplicity function k: R — [0, c0)

Dunkl’'s difference-differential operators

TER() =)+ 3 k(o)L T)

BER+

R - fixed positive subsystem of R
og - reflection in the hyperplane orthogonal to 3

The system {TJ-G’k :j=1,...,d} commutes
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Fundamental objects and facts
Dunkl’s harmonic oscillator
Riesz transforms for DHO

General Dunkl’s setting

Dunkl’s Laplacian

Dunkl’s Laplacian

This (difference-differential) operator is symmetric in
L2 (]Rd, WG7k)
with the (G-invariant) measure given by

weilx) = [ (8. %))

BER+
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Fundamental objects and facts
Dunkl’s harmonic oscillator
Riesz transforms for DHO

General Dunkl’s setting

Dunkl’s harmonic oscillator (DHO)

Harmonic oscillator related to Ag «

Lok = —Ag i+ IIx|>

@ self-adjoint positive extension
o discrete spectrum

@ eigenfunctions: multivariable generalized Hermite functions
(defined and investigated by M. Rosler)

@ choice of eigenfunctions is not unique
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Fundamental objects and facts
Dunkl’s harmonic oscillator
Riesz transforms for DHO

General Dunkl’s setting

Riesz transforms for DHO

e Partial derivatives associated with L «

Gk _ +Gk ,
07" =T+

@ Motivation:

d

L= 5 30 (3%) o7+ o8 (554)°
=

Riesz transforms

ROK =60 (Lee)™?, j=1,...,d

)

@ These are L?>-bounded operators (mild assumptions)
e Aim: study LP behavior of RjG’k; restrict to G = Z3
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Setting
Heat semigroup
Case isomorphic with —f)i Riesz transforms
s Main theorem

Setting (Z$ group case)

(]

G~ Zg generated by reflections

Oi(Xt, s Xjy ooy Xd) = (X1, .o, =X}y, Xd)

o root system R = {+v2¢;:j=1,...,d}

@ positive subsystem R, = {\@ej j=1,...,d}

e multiplicity function k: R +— [0,00) det. by values on R
°

we may think

k:(a1—|—1/2,...,ad+1/2), Osz—]_/Q
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Setting
Heat semigroup
Case isomorphic with —f)i Riesz transforms
s Main theorem

Setting (cont.)

@ Dunkl's d-d operators
f(x) — f(ojx
Tjaf(x):ajf(x)+(aj+1/2)—( )~ flop)

@ Dunkl's Laplacian

@ Associated measure

d
X) ~ H |Xj|2aj+1
Jj=1
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Setting
Heat semigroup
Case isomorphic with —f)i Riesz transforms
s Main theorem

Setting (cont.)

@ Dunkl's harmonic oscillator L, = —A, + ||x||?

e generalized Hermite functions (1-dim)
h3(x) = cna exp(—x2/2)Ha%(x)

here H,?+1/2

are genuine generalized Hermite polynomials
Han 2(x) = (=1)"2"nlL5 ()

He Y2 (x) = (=1)"22 L nt LG (x2)

o {h%: nec N9} forms ONB in L?(R? w,) and
Lohfy = (2|n] + 2|a| + 2d)hY
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Setting

Heat semigroup
Case isomorphic with —f)i Riesz transforms
Main theorem

Semigroup generated by L,

eo(—tLa)f = | GE(x. () dha(y)

Heat kernel G&(x,y) in 1-dim

exp (—%coth(Qt)(X2 +y2)) [Ia (ﬁ) N lor1 (ﬁ)

2sinh 2t (xy) 4 (xy)otl

here I, is the modified Bessel function

& 2/2)1/+2k
Mk + )k +v+1)

=0
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Setting
Heat semigroup
Case isomorphic with —f)i Riesz transforms
s Main theorem

Heat kernel

In dimension d

Grxy)= > G(xy)

e€{0,1}9
with the component kernels
G (x,y) =
d S\
exp (—3 coth(2t)(JIx||* + [ly|*) H a,+a, (smnse)
(2 sinh 2t)d i1 X yj)aj""aj
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Setting

Heat semigroup
Case isomorphic with “g Riesz transforms

Main theorem

Riesz transforms

with partial derivatives
a a f(x) — f(ojx)
57 F(x) = TRF(x) 4+ x5 = 9;f(x) + (o + Uz)TJ +x

For f € L2(RY, w,)

o m(n"a.) (o (%
RMF=> i (f, hY)ah?_e,

s V2|n| + 2|al + 2d

2n; if n; is even
min) = { Vg j

2n; +4a;+2 if n; is odd
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Setting
Heat semigroup
Case isomorphic with —Jg Riesz transforms

Main theorem

Main Theorem

Define

The Riesz operators R, defined on L2 by ..., are CZ operators, in
the sense of (RY, w,, || - ||), with the associated kernels R (x,y).

It follows that Rf‘ extend to bounded operators
e on LP(RY, Wdw,) for 1 < p < oo and W € AY = A%(RY, wy)
o from L}(RY, Wdw,) to LY*°(RY, Wdw,) for W € A}
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Setting
Heat semigroup
Case isomorphic with —Jg Riesz transforms

Main theorem

Typical application

Letl<p<ocoandi,je{l,...,d}. Then

A priori bounds

1067) 05 Fll Lo (re we) S Meaf lliomewe), — F € C°

Proof: check that
(6,-0‘)*5J-O‘f = (R,-O‘)*RJ-QLaf

(reduce this task to f = h%) and apply the Theorem.
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Reduction to “"/

Schlafli’s formula

Riesz kernels
Kernel estimates Transition lemma

Proof of the Theorem

standard Kernel estimates

1

LA CSDIPS XFy

wa(B(x; [ly = x|[))’
1 1

— ¥l wa(B(x; [ly — 1))’

> R™(xy)

ee{0,1}4

x#y

IVay R (s YIS
" [

Recall that

with the component kernels

dt
ROtE / 5(1 GO(E
(x,) )ﬁ

Adam Nowak and Krzysztof Stempak Riesz transforms for the Dunkl harmonic oscillator



Reduction to lF"dJr

Schlafli’s formula

Riesz kernels
Kernel estimates Transition lemma

Reduction to R?

The following symmetries hold for all n,& € {—1,1}¢

IR (x, y)l = [R™ (nx, &y
HVX,}/RJQ’S(XJ’)H = HVX,y'I'?J'a’e(Uva)/)H
Wa(X) = Wa(§X)
Consequently, it suffices to prove

standard estimates in (R, wy, || - ||)

1
wi (B+(x, |y — xI)’
1 1
[V RO, 1)l S
7 = 1l we (B (x. 1y — 1)) 4
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Reduction to R [‘/
Schlafli’s formula
Riesz kernels

Kernel estimates Transition lemma

Schlafli's formula of Poisson’s type

1
IL(z) = z"/ exp(—zs) M, (ds), v>-1/2;
-1
here the measure [, is given by

_ 2\w-1/2
M, (ds) = %p?gy . l/dzs), se(-1,1)

for v > —1/2, and in the limiting case v = —1/2

1
Moy = E(n—l +m1)
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Reduction to R [‘/
Schlafli’s formula

Riesz kernels

Kernel estimates Transition lemma

Symmetric form of heat kernel

Using Schlafli’s formula and transforming

1 1+¢

t =t(¢) = 5 log

3 TC’ €(0,1)

Convenient heat (component) kernel formula

G (x,y) =
1 1— C2 d+|al+|e] E <—

— (== — 5 ) Moye(d
2d < 2C ) (Xy) /[_171]d exp 4Cq+ 4q +€( S)
d
qi(X1y75): HXH2+ Hy||2ﬂ:22x;y;s;, CH-E ®na i+ei

i=1
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Reduction to R "‘/

Schlafli’s formula
Riesz kernels
Kernel estimates Transition lemma

Riesz kernels

_ d+|al -1/2
Bual) = 52 <1 C2> . (IoglJrC)

T 24 r
Riesz (component) kernels

oL,E .
Rj (X7y) -

1 _ 1 C
/[_171]d/0 ﬁd,a-i—a(g) o; |:(X)/) exp <_4Cq+ - 4q>:| d(¢Mu4c(ds)

v

20 +1
+ x +
0 X
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Reduction to “"/

Schlafli’s formula

Riesz kernels
Kernel estimates Transition lemma

Transition Lemma

Let v,k € [0,00)9 be fixed. Then

KNS oy [ (s, ) 0 (),

)

implies
1
‘K(X7y)‘§ 5 X;ﬁy,
wa (B (x, |ly — xII))
Similarly,
—d—|al—|y|-1/2

HWJN&WH5&+VW%}HA%) el=h1-1/2 1y ()
implies

9y K ) S — ! x#y

PRI wa (BT ly — <) '

Adam Nowak and Krzysztof Stempak Riesz transforms for the Dunkl harmonic oscillator



References

O A. Nowak and K. Stempak,
Riesz transforms for the Dunkl harmonic oscillator,
preprint 2007, p. 1-22 (submitted).

@ A. Nowak and K. Stempak,
Riesz transforms for multi-dimensional Laguerre function
expansions, Adv. Math. 215 (2007) 642—678.

© E. Sasso,
Functional calculus for the Laguerre operator,
Math. Z. 249 (2005) 683-711.

Q K. Stempak and J.L. Torrea,
Poisson integrals and Riesz transforms for Hermite function
expansions with weights, J. Funct. Anal. 202 (2003) 443-472.

@ A. Nowak and K. Stempak,
L2-theory of Riesz transforms for orthogonal expansions,
J. Fourier. Anal. Appl. 12 (2006) 675-711.

Adam Nowak and Krzysztof Stempak Riesz transforms for the Dunkl harmonic oscillator



Thank you for your attention.
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