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A NOTE ON PERTURBATION OF STABLE NORMS

J. BASTERO and J. M. MIRA

We prove that the stable norms form a nowhere dense subset of the class of all the equive-
lent norms in a Banach space. Moreover, we show that different stable norms in stable Banach
spaces with some additional properties may be constructed.

The concept of stable Banach spaces was introduced by Krivine
and Maurey [4] to extend a result of Aldous concerning IL-subspaces
{17 to a more general class of Banach spaces.

The definition of stability (see below) depends on the norm consi-
dered in the space.. An equivalent moen-stable:norm on ¥, 1 € p << oo,
was: built in [3]. The samie thing was done for Banach spaces with an
unconditional basis in [6] and for Lt in [2], ..

In this note we prove that the stable normx form.a now here densg
subset of the class of all the equivalent norms in a Banach space.
Moreover, we show that different stable norms in siable Banach Spages,
with some additional properties inay be constructed.

Let us recall some notations and definitjons. All the vector spaces
will be real. A Banach space X is stable if

Limlim |y + yp = limlim | o, +~y, -~

U mb e Vw0 ; : :
whenever (x,), (#,) are bounded sequences in X and U, 1" are non-trivisd
ultrafilters on N

The Banach-Mazur distance between isomorphic Banach spaces is
defined by

A, Y) = mf{ T 'T 1:j ; T X - T is an onﬂto homorphhm}-

It may be that d (X, Y¥) = 1 but X and Y are riot isoinetiic.’

We denote by M the associated quotient metric space consisting
of equivalent classes, modulo distance equal to one, of all the norms on
X ‘which are equlvalens to the original. It is clear that all the norms
belonging to a class are either stable or non-stable. .

1. ProposITION. Let X be an irfinite dimensional 9mble Banach space,
the set S = {!| - ||eM; ||~ 1s stable} s closed “vnd- nowhere dense
n M.

. Proof. S is clearly closed. We are going to bae tha.t S =@o. Iudeed
tet"{es) be a basic sequence in X equivalent to the canonical I’-basis tor
some p, 1 < p << oo (see [4]). We defme

Ny) = y | 4 sup{ f!/zJ-! Yo+ ; k<1}
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where y = Sy, e Y = \pan [es], and |]-!| denotes the original norm
on X - N is a norm on” Y equivalent to ||-|] and non—stable. since

Hm lHm N(ey -+ Copmyy) # Hm lim N(eyn + €ms1)
U wmV mV aU

>

Multiplving by ‘L constant, if necessary, we may uppose that, for
gome O >0 we have N(y) < ||| < C\(J) When y € ¥. Now we define

ol =inf{N(y) + | l:v—Jll, ye X} for wel.
The new norm ||| « i}] belongs to M and |||y!|| = N(y) ¥f u Y,
thus ||| - {]}.is not stable. By eonmdermo' the norms, || -||- = H

“|1* €|}l - |!l, € >0, we arrive at the conclusion of the proposition.

In 1*, 1 < p < oo, there are btable norms as close to the classical
1*-notm as we want.

2. PROPOSITION. If €> 0, ihé norm | | le = 11* o€l iy g>n,
defined on 17 is stable and satisfies

1<d(l]: g [1n 1) S1+e

Proof. We only have to prove 1 < d(!i-]l,, ). I a@(l:- k.
[l 1p) = 1 for every 3>0 we would fmd an onto isomorfism
T:17-1? such that :

Helw<i{iTzi, <1+ 9)ilxly wel”

. Let {e,) be the canonical basis of I?. The corresponding sequence
(Pe,) would be bounded and then we could extract a subsequence (Tf,:
which converges coordinatewise. If » goes to infinity and » << m are
natural numbers which are qulte far a,pamt we Would have,

HP(fa — farr) fm fm+1)" %~ HT(fn fn+1)l I + I'T (fu f’n-ﬂ)l
asvmptotlcallv Hence,
| ourQUP L g218) < (1 4 8) (AP L ed1/s) for every 3> 0,

which is not possible. I

We say a Banach space X is of cotype q, 0<g< oo, if there is a
constant ¥ > 0 so that for every finite set of vectors 190,,} in X we have

M(z% l q)'”.q <27y z €%

&
1 { sj=-l-l 1

(see 15] for all the notions related to this concept).

In the next proposition we prove that in a \table Banach \pa,ce
having a finite cotype there are stable norms as far away from the original
norm as we want.
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Let (X, 1]+ 1) be a stable Banach space and (é,,) a basic sequence
in .X. For each ke X we may consider ’
X = span [y e5,. .. ] e X,
Define

A e =max e, 1<i<h g

for v = Sae; -z, e X. - M

is a stable norm on Y (see [4]) equivalent
to !

|- Then we have the following.
3. PROPOSITION. If Y has « Jinite cotype then

SUp yd(l:- ey 1) ke N = oo

Proof. Suppose d(; - i, - ) < Cforall LeX. Then, there are
onto isomorphisms T, : ¥ — Yy verifying

kS DS 0y for re X
Since X is of cotype ¢, for some g << o, there exists a constant I ~¢
such that "
" I fjay 2 < o | I
A (Z!i Tk()jl'i) s2 =Z ‘Zsj.Tk(Fj)!.‘\C

1 ~11 1

i E
and this contradicts that U Te) =1, 1<j<E, for all ke X, ] :

When X has no cotype. or equivalently X contains I's uniformly,
we do not know if the above result isx true. In some special cases, for
instance in I7(;®), 1< P <co, we may also construct stable norms equivalent
to the original and having distance greater than 1. Indeed, if we denote
by (e,) the canonical basis of 71,

b

defines 2 new norm, equivalent to the canonical norm '@ . on I”(l %
and stable. We are going to show that aflf- 1, "~ y>1. Let T:X
— . be an onto isomorphism such that

" = max {jxl(, I e 2 1212

l

IIOO
'z &5
2

) Hell'stTeji<Clie; wera).

The sequence (Teyny) where k(n) = 1/2n(n — 1) + 1 is bounded. By
passing to a suitable subsequence we may sSuppose it converges coordi-
natewise. Let (T'f,) be this subsequence. If we apply (*) to the vectors
en o — faryy € +Jao — fay1 We obtain

T<liTefi, 22<{{ T(fy — fun)]| and [Ty + T(fa — fu ) <200
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- Wheh « goes to infinity the vectors Te, and P(fu — fasy) are asymptotically
dizjoint and then we have

ey -+ Tfa — Jand) 3x Tei 4+ T (e — fand) 7

Henee, we get ('>(3/2)% and thus d(i - el >1. 1

1o =

L

I
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