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SOMMAIRE. — Dans cet article nous exposons une version, non genérale,
du théoréme de Maurey-Pisier pour le cotype dans le cas des espaces
p-Banach (0 < p < 1). Le correspondant résultat pour le type a été obtenu
par N. Kalton. Ici, nous obtenons le théoréme suivant : seit X un espace
p-Banach 0 < p <1 et gx = inf { g > 0; lidentité est (g, 1}-sommant },
alors, si gx < oo, 1% est finiment représentable dans X et

gx = sup { g; I'injection [£ — [® est finiment factorisable dans X }.

ABSTRACT. ~— In this paper we give a restricted version of the theorem
of Maurey-Pisier for the cotype in the gemeral case of p-Banach spaces
0 << p < 1. The result for the type has been obtained by Kalton in a unpu-

blished paper [2]. Exactly, we prove the following theorem: « Let X be
a p-Banach space 0 <p <1 and '

gx = inf { g > 0; the identity is (g, 1)-summing }.
If g4 < o0, then _
gx = sup { g; the embedding 1 — [” is finitely factorizable through X}
and %% is finitely representable in X ».
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204 J. BASTERO

et X be a real vector space and 0 < p < 1. A p-convex norm on X is a

mapping x — |jx|] of X inte R, satisfying the conditions:
Dllx]]>0fx#£0 xeX,

i) ||ax || = lalilx], aeR xeX,

i) || x + yilF <>l + 1 y]lx yeX

A p-convex norm induces a locally bounded topology on X; if X is
complete with tespect to this topology we say that X is a p-Banach space.

The identity in a Banach space X is (g, 1)-summing 0 < g < o0 if there
exists a constant C such. that for each finite sequence xy, - . ., X, € X we have

n 1/[1 n l -
(ZHXAIQ) éCSHP{ZI(Xaé)I;iex’,IIEHél}
i=1 i "
= Csup{HZa,-xi
. 1

( sup || x|, if ¢ = o0). There are p-Banach spaces with trivial dual and

1=isgn -
because of this, we must adopt the second expression as the definition
in our case.

It is not difficult to see that the above definition is equivalent to the
following '

R, sup |l € 1}

1=i%n

DEFNITION 1. — The identity in a p-Banach space X is (g, 1)-summing

0 < g < o, if there exists a constant C such that

n "™ ’ n
( E Hxin) < C sup \ E 8:X;
Ei:il
i=1 i

whenever X, ..., X,€X. It is clear that the identity is always (oo, 1)-
-summing for every p-Banach space, because

1
”xi“ = 5“ ij + X = ij
=1 T
1
ST
=1 =i

We denote by gy = inf { g; the identity in X is (g, 1)-summing }.
Another concept which we shall use is that of finite factorization.

n

Zijj

2
-+

P\ 1/p
< 2771 qup

g=+1
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DEFINITION 2. — The embedding I' — I (0 <r < g < o0) is finitely
factorizable through a p-Banach space X, ({. f. t. X), if, for each £ > 0 and
for each ne N, there exist x,, . . ., X, in X, depending on & and 7, such that

n 1,"1 n
ool <] S
i=1 i=1
whenever Ay, ..., A,eR, (if g = oo, sup |4;] instead of (Z!Ri lq) )
1<ign

i=1
When the embedding ¢ — Fis f. [ t. X, we shall say that I is finitely repre-
sentable in X. More generaly, a p-Banach space Y is finitely representable
in X if for each & > 0 and each finite sequence yy, ..., y,€ Y, there exist
X1s - - ., X € X such that
[

Sl <lSl o of ol

whenever ,, ..., i€ R. The theorem of Dvoretzky-Rogers proves that
12 is finitely representable on X, if X is a Banach space. This is also true
in the case of p-Banach spaces (Kalton [2]), and thus, necessarily we have
gx = 2 and the embedding * — [®isf f t X. Moreover it is trivial that
sup {q; ¥ — I isf I t. X} < gy Our main result in this paper is that
1= is finitely representable in X in the case ¢(X) < co and, hence, the above
inequality becomes an equality. This is a restricted version of the theorem
of Maurey-Pisier for the cotype, that says that, for Bamach spaces,
sup {g; 12 — I®isf 1. X} = g = nf { g;Xis of cotype g-Rademacher }
and %= js finitely representable in X.

A Banach space X is of cotype ¢, 2 < g < co if these exists a constant C
such that for each finite sequence x, ..., x,€X

= 1/g i -
(Z [ x; Hq) Y Cj Zri(t)xi
i=1 ° N

where r{t), 1 < i < n are the Rademacher functions. This definition make
sense for p-Banach spaces, and if a p-Banach space is of cotype g, necessarily
the identity in X is (g, 1)-summing. We think that in our general case it is
also true the general version of the theorem of Maurey-Pisier, 1. ¢
inf { g; X is of cotype g } = g, but, so far, we have not been able to prove
this. The restriction gy < oo in our theorem is based in the application

n

1/r
<1+ 8)(2 | 4; i')

i=1

1—¢ <(1+ 9

dt
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of a theorem of Krivine that we must use. For Banach spaces, the case
gx = o0 is very simple but in this general situation it is more complicated.

THEOREM 3. — Let X be a real p-Banach space. If gy < o, then 1= ig
Jinitely representable in X, '

Belore proving this theorem, we need the notion of ultrapower of a
p-Banach space and some other auxiliary results,

Let I be and infinite set and let % be a non-trivial ultrafilter in I, we
denote by (I, X) ={ f:T —» X bounded %,

Coall. X) = { f €I7(L X): lim || ()] = 0}.

Then we define the ultrapoﬂ‘er XYy as I°(T, X)) Coall, X).
The mapping || 1 || = li%!n | f@ ] is a p-convex-norme in XY, so that

Xi, is a p-Banach space wich contains X 1sometricaly. As in the case of
Banach spaces, a p-Banach space Y is finitely representable in X if and
- only 'Y is isometric to a closed subspace of some ultrapower of X -see [£D.
The deep result on which our theorem is based, is a theorem of Krivine,
which can be adapted to p-Banach spaces. The result of Krivine is valid
in Banach lattices and particulary in Banach spaces with a inconditional
basis. In our situation, we have no inconditional basis or lattice sequences,
but this turns out to be immaterial because we can use the sign-invariant
sequences defined by Kalton ([2])

DEFINITIONS 4. — A sequence { ¢, }? in a p-Banach space X is sign-

n n
invarignt if ” E gt || = “ E tie;
I<isn =1 i1

It {e,}¥ is sign-invariant there exists a constant C > 0, depending

only on p, such that
< C sup | A Ztiei

n
Ade;
1€isn
1

i= i=1

when t;,...,t,eR and & = + 1,

when A5, ..., A, ty, ..., 1, €R.
A sequence {e,}7 in a p-Banach space X is invariant Jor spreading

or simply spreading if
k
=)
i=1 i=1

k
when my < ... <my, keN and A oL e R
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If {e,}7 is spreading in X and lle; — ey || = 6 > 0, necessarily the

n

e,’s are lincarly independent vectors. Indeed, if Z;L—ei =0, we have 4, = 0.
because

i=1
n n—1
6|/’i‘n[ = “ ’?'n(en - er:H—l) ” = Hifliei - Z;"iei - A‘nen-*l
i=1 i=1

i=

n n—1 n
r N\ 1/p
< (“ Zﬂﬁ-ei + Zﬁiei 4 Appin ) = 2lr Zflfei =0
i=1 i=1 i=1
k
In this situation, we say that fwo finite linear combinations x = Ao,
i
i=1
and y = Z,uje,,j are disjoint if m; npforall 1<i<k and 1</l

i=1
Now, we shall enunciate the following auxiliary lemama ; its proof can be
adapted without special difficulties from Krivine {cf. Th. 1L, 1 of [3].

LemMMA 5. — Let X be a p-Banach space with dx < 00 and let {e, 7
be a sign-invariant spreading sequence in X. Then there exist ¥ > O and

K > 0 such that
] o m
)" <5
i=1 i=1

where the x;’s (1 < i< m) are pairwise disjoint finite linear combinations
of es.

Now, we shall state the theorem of Krivine that we must use
(Theorems IT. 2and I11. 1 of [3]). The statement given hereis a generalization
of this theorem to the case of p-Banach spaces, but we omit the proof
since it 1s the same as Krivine’s with a few modifications which are necessary
to replace Banach lattices by our more general situation. '

THEOREM 6. — Let X be a p-Banach space with gx < o0, and let { e, )%

be a sing-invariant spreading sequence in X such that ley — e || >0,
2"

and ||e, [l =1, neN. Let f, = zek (necessarily sup || f. || = o), if

k=1
27 Y = inf { } > 0; im A*|] £, |l = oo }
I is finitely representable in X.
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(If sup|f f,]| = M < o0, for each n and =11, 1<i<n

n
1

and then, gx = oo).
Let X be a p-Banach space. If 2 < g < o0 and ne N, we define ¢ A7)
as the smallest positive constant ¢ such that for each n elements Xis - - es X,

Of X n n
1/q
(Z It x; !q) £ ¢ sup ZEiXi
: =11

i=

< 2Lr—Iip

It is trivial that ¢ 1) = 1, ¢ () << 2V~ tpt/a and that the sequence ¢, (n).

1s ].IlCI'CElSIHg

The following lemma, with standard proof, replaces lemmas .2 and
1.3 of [5].

Lemma 7.

i) The sequence cn) is submultiplicative.
ii) Let N > 1 be an integer: if ¢ (N)=NVI~V (¢ 5 g} then gy < 1.

1
COROLLARY 8. — If 2 < g < gy and o = 5(1 — g) > 0, then

dx
Irm =
o
Proof. — If 2 < g < gy, necessarily c(n) = n/a~ e~ #
% ¥y

Now, we shall prove a Proposition which is essencially based in [61.
We must introduce a few changes so that the arguments work in our special
situation. Moreover, we cannot use the extraction theorem of Bru-
nel Sucheston; in particular, if {e,}? is a spreading sequence, then
{ €1 — €3, 7 is not necessarily an unconditional basic sequence.

ProPOSITION 9. — Let X be a p-Banach space with 2 < g5 < 0. For
each 2 < g < gy, for each 0 < 6 < 1 and for each integer n, there exists
a subset B < X such that, |B| > n, 1 -8 < |jx|| <1 Jor every xeB and

§ EiX;

;T

whenever TS B and |T|<n

sup < 2vr | T [lfq

n=x1
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Proof. — We use the same notation of [6]. Let g, 6 be given ; put

1 1
o= E(_ — g) and choose & > 0 such that 1 < 291 — g)** %, By Corol-

2\g 9x
lary 8, there exists Ny =N such that if N > N, N* < e (N)Yey, being
gp=¢[l — (1 —=9)].(1 —e?. 274 D weput w=1—8>0.

By definition of c{N), there are x,, ..., xxeX with J:gag(NH xl =1
such that
c,(N)(1 — &) Sup (Z Il x; II‘*)
Define, for each j= 1 and i =
i ; - X; .
Aj={i§WJ<f|xf||€W_1}, %= for ieA,

If[A;[ < N% we set A, =A; and do nothing else with this set; if
|A;| > N7 then we choose a subset Ajq € A;with |A; | < N* for Whlch

% &%;

icAy

sup
=11

/1A 11

is maximal

It A A< N we sel A;o = A; — A;,, if not, there exists an
other subset A CA - A, Wlth the same properties, and so on. We
can obtain a d1s;omt partition of Aj=A; v .. UA; n; W Ao such that

[A; | SN, O0<p<m; and if p>0 Sup HE’&X

!EJP

maximal among all the subsets T = A; — (Aju ... UA;, ) such that
IT] < N~

Now, the proof goes through almost verbation to [6], and then we
obtain a subset B, = {1,2, ...,N} such that 1 —d<||%]| <1 if

ieB,, |B, | < N* and
E L

ieBsg

We call B={%|ieA;—(A;; u...UuA; )} if By, = A, ,,; clearly
[Bl=>N,1-6<|[X||<landf T< B with iIT|<N

% A

2T

1Az, 1M s

sup < 2lip | Bso |1fq

g=x1

sup £ 24 | T |V

=1

by the maximality of B,
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To conclude, for each integer n, we choose N > max { N, n'/*} apply
the preceeding construccion to this N, and the assertion of the proposition
follows.

Remark. — By the above proposition, for each 2 < g < gy, for each,
0<é <1 and for each neN we can choose n vectors x40, .. xom»d
such that 1 — § <{|x¥|| <1, 1<i<n and

Eeix%,"ﬁ
T .
H g SN
if T o {xgms, ., e

By passing to comnsecutive ultrapowers we obtain the

< 2lip | T |1.fq

=41

PROPOSITION 10. — Let X be a Banach space with 2 < gy < . There

exist an ultrapower Y of X and a sequence { x, )T in Y suchthat || x,|| = 1 ¥n
and
sup Zsixi < 2VP TN, e
g=x1

iR,
whenever N, is a finite subset of N.

Proof. — Let % a non trivial ultrafiltre in N, We shall do the proof in
three steps:

i) Let X* = XJ, and let {5, },.oy be an increasing sequence converging
to 1. For each 2 < g < gy and ne N, we define n vectors of

1<k<n.

meN »

Xyt = (xf)

Trivially [|y§*fl=1, 1<k<n and if T= {y3" ..., yo"}

if) Let X” = X5, for each ¢, 2 < g < gx we define a sequence in X"

sup = 2U7 T |Ma

g=x1

Zﬁ = (05 n_lﬁ 0: yg,n’ J’ﬁ’”l,- ) HEN

It is easy to prove that H 72| =1,meNand if N, is a finite subset of N

28 iZ?

teRy

sup < 2MP|N, |14

5=*f1
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iif) Let X" = X5" and let (g,),y be an increasing sequence or real
numbers converging to gx. We define a sequence in X

C X, = (Zg"")mEN ne i

This sequence verifies the result, because Y = X is an ultrapower
of X. #

Now, we need a sign-invariant spreading sequence to use the result
of Krivine (Theorem 6). This is done in the next proposition by applying
Theorem 3.2 of [2] and Theorem 1.1 of [3].

ProposiTioN 11. — Let X be a p-Banach space with 2 < gy < 0. Then,
there exists a sign-invariant spreading sequence {0, }¥ in some ultrapower

of X, suchthat||v, ]| = L,neN,||v; — v, || > O,HEU,- < 2YPplia= ye N
i=1

Proof. — Let X, be the ultrapower obtained in the preceeding propo-
siion and let {x, },.n be the corresponding sequence. We can apply
theorem 3.2 of [2] to obtain a spreading sequence { y, } v in an ultrapower

Y of X,, such that
i=1

H Eiiyiuzlim...ljm
iy, Lt
i=1 & i=

L3

where % is a non trivial ultrafiltre in N and Ay ... A,€R The above
equality easily proves that ||y,||=1, neN and

S

i=1

sup
g=11

‘ < 2pylia=
Necessarily || y; — y, || > 0, because otherwise y, = y,, Vne N, and then

2y ligs = sup
g=11

which is not possible.

‘ Zyzk—1 — Yax
=

Moreover, sup = c0. Indeed, if this sup were equal
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to M <t o0, given & = £+ 1, 1 <k < n, denoting by A={k & =1}

and B={k; &= -1}

“ ka(yzkﬂ = V)
=

H Z(J’zk 1 J/.zk)
H Z Vor—1 — J’zrc)

because the sequence { y, - — ya b is also spreading; then, as
1 Yag—1 — yall = [1¥1 — y2 |1 > 0, Vk the space would have dy = 0O,
but this is not possible since gx =gy (because Y contains X isometrically

"

Zka— 17— Y2k

k=1

2M?

- o

and 1s finitely representable in X), We put M,, = \

and, let g < gy be given. Since

M,.n~ 11 g et Lax pligx—1/g

1im M,n~ Y4 = 0, and thus, there exists an increasing sequence of intergers
. such that M,l n 4z Mn~ Y if n, < n. Now, we define

U, = RN ( - J F, kel
kM Yagk—1m+2i-1 — Yae— in-+2i)> >
s
i=1

Clearly [|uf|| =1 because {y,} is spreading. We considere Y’ = Y%,
where % is a non trivial ultrafilter of N, and the sequence U, = (m,';),EN
in Y’

Repeating the arguments of Theorem 1.1 of [3] it is possible to see that
the sequence (#)oy is spreading and sign-invariant. Moreover ||u, | = 1

Uy

+2i—1 — Yau-— 1}n;.+21)

@
Z(}’zl 1 J’m)r
—lfq
= lim Mt m'ia
r -1
% (m'nr) q
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Finally, by choosing a sequence of real numbers g, ~ ¢x and passing to
another ultrapower we obtain the result. #

Proof of the Theorem 3. — Let X be a p-Banach space with gy < oo.
Ii g, = 2, thereis nothing to prove, because it is Dvoretzky-Rogers Theorem.
We suppose now that 2 < gy, and let Y and { v, }{ be the ultrapower of X
and the corresponding sequence in Y that verify the preceeding propo-

2)1
sition ; we can apply theorem 6; if we put f, = Zv,ﬂ
k=1
f | < 21/p oniax
and then, when g < g, 27| f [ <22 o ‘1) —2 0 and when

¢ > gx, as the identity is (q, I}-summing in X so it is in Y (Y contains X
wometrically and Y is finitely representable in X). There exisis C, > 0
such that ‘

2",
1/q
2"”=(Z%|vkllq < G sup. Exly
Ekf
k=1

=l £ ll-
Hence
27| Ll = Ct
Muaoreover
im2 e fll=co i g> gy
Thus

27Mex = inf{ A > 0; lim A" |} £, || = o }

and = is finitely representable in Y and m X. g.e. d. #
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