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Sumimary. In this paper we prove that the space of vector valued sequences A(E), with A
stable. symmetric. p-convex, sequence wattice and E; stable p-Banach space is stable. in the

sense of Krivine and Maurey.

The stable Banach spaces were introduced by Krivine and Maurey [4]
in order to extend a theorem of Aldous concerning the subspaces of ! to
a more general class of Banach spaces. The stable p-Banach spaces,
0 < p <1, were considered in [1] for the first time, and, the same result
as Aldous-Krivine-Maurey was obtained there for this class of spaces.

In this paper we prove that the space of vegtor valued sequences A (E;),
with 4 stable, symmetric, p-convex, sequence lattice and E, stable p-Banach
spaces, is stable.

Our notation is standard and all vector spaces are real. A p-convex norm,
0<p<1, on a vector space E is a map x> |x|leR,, so that,

lax| = la| |xf, aeR, xeE
[x+yl? < |xf?+liyl?  x,yeE
xj>0, x#0

A p-convex norm induces a locally bounded topology on E. We shall
say E is a p-Banach if E is complete for this topology.

In the sequel # and ¥~ will denote non trivial ultrafilters on N.
A separable p-Banach space E is stable iff '

(*) To Professor L. Vigil on his 70th birthday.
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limn lim (14, +b,| = Tim fim [la,+ b,
wheneve:
T {a,)y, (bp)m are bounded sequences in E. A general p-Banach
. - space

is s;able if its_ separable subspaces are stable
type ¢ 1s a map £ — R, defined by .

o (x)=lim |x+a,|

two types op X, the type o+ is defined by -

o1 (x) = lim Lim | X+t by |

For stable E the “convolution” of the types i

tive. s well defined and commuta-

We would ik i i
like to thank Bienvenido Cuartero for several useful conveisa :

where (a,), is & bounded i it i : :
we - sequence on X. Given o =l . " 'sOme other auxiliary results as it is done m [6] dealing
o hngl/n a, and 1= hn&m b i
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1t is easy to prove_that (4 (E), - 1) is & p-Banach space. We denote by

;'jj"f':i;u £ ()l e whenever f=(f @)y and 5. L F oy = | fla. The maip

¢ result is the following

1. Trrorem. If A and E, are stable ieN, then A (E)) is also stable.

To prove the theorem, we need the notion of equisummable family and
with another problen.
A family # € 4 (E) is equisummable if, given any &> 0, there exists
have a subset I = N with [[| £V verifying

a ve N so that, for each he ¥’ wWe
ifiel and =0, otherwise. Because of the

Wh—hzl <& where by ) =Hh (i),

symmetry and the ancondicionality of the basis (e) it is easy to Se€ that

< g, where J = {ig, s i,} I8 the set formed by the indexes

o RGN = RO A s b
spaces it 1s known that the types arc realised uniformly
on compact subsels {sec proposition L1 of [4]). In the following lemma

also [h—hyll
such that h GOl =
In stable p-Banach

tions while preparation of thi '
) . this paper, and t irei . 3
which yiclded the present version of Theorg M1 eille Levy for a discussion

Let (4, |i- | |
(4, }-[) be a complet p-convex lattice, 0 < p <1 with a symmetri E
and us .- - o s - = w metric|
unconditional basis (¢,)7", ie. f x =3 x{)e;, y=3 ¥ (i ;

. i Y Ea y(iYe;, x, yeA, then,

i_'

I

i)

| I x0eli <Xy 0
whenever |x (i) < |y ()| Vi, and |egl =1, Vi
1i) 3

LY (Ix GIP+1y (P77 ¢/

1

P

.,
< ”Zx(i)ei
1

p+||;y(i)ei

iii)

IS5 @l =15 xtm 0)el
for all permutation = on N. -

Note that {4, |-]|) is a : |

: . p-Banach space and that i i ]
space wit - i i e e "l
P! Letw1(}l£1 aH 1” )syrlilemetrlc basis the above conditions a(re t”rixlfli)aﬁ; ie];%ilé?h' ‘
o a sequence of p-B enote |
) p-Banach spaces. A (K} wi :
p of E-valued sequences, f={f (i)}, with f (i)eEi( ;}ndWI:chersﬁzet

; [ f () e;eA(]l-| represents different p-norms in different spaces, but thi
, o 5 §

does not origine any problem).
For fe A (e;) we define

“an(Eij = II;” S @ lledl 4

. obtain the p-Banach case with similar arguments to
- in [1], lemma 6.

we stablish an uniform realization on other subsets, for suitable types on A

7. Lemmsa. Let of be a bounded family of A such that their elements have
no more than v coordinantes different from zero. Let (xa)n @ bounded sequence
of A and o= 1im Xy 1f 15l = 500 1% O 0, when n—» 0, 0 (5) = i Iy +

+x,|| uniformly on o .

Proof Wc prove the lemma when A is a Banach space, and it may
those which appear
eof, let ¥ be any fixed vector in A

in such way that,
we can find suitable

For cach element Y
obtained from y by 2 permutation of its coordinates,
j@=0ii>v Because of symmetry of A, for each x,,
permations of N, (i}7 and {ke)Ts such that

L+ g | = 17 +al é\\i(\y(ij)+xn(ij)|—|,v(i;)+xn(kj)\) e;+

+ 3 (e 1= 1xa (K3)) g} <4v ixal

v+ 1

Then o (y)=hm y+x. = ﬁ;,p 17+ x4 uniformly on .« by applying Propo-

sition TIL1 of [4] ' _
For every bounded sequence (fo)u in A (E;) we may define a type o on A
as ¢ == Hm £ L&

o (x) = lim x - full 4 X€ % a pon trivial ultrafilter on N.

A, being

Let # be a bounded family of A (E) such that their elements
coordinates different from zero. Let (f,), and (Gumhn be

3. LEMMA.
have no MOTE tha v
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two bounded sequences of A(E;), so that f;s and g,s are finitely non zero
and lim || fill = limlgalo =0 (£l =sup I £ OI). If o= limf,, = limg,,
then ‘
o=1(h)= hn]}i ]}nm Hh+ ot dmllags

~ uniformly on he # .

Proof. Suppose that A and E; arc Banach spaces. If f, (i) =0 for all
i>N,and h(i)=0 for i¢l,
PURN- MUY

RO L O g O1) eillsllzll(liﬁ.(ngmﬁ)lH

| Vi fyt Gl e — U+ ot Glla] < |3 (05 D+
. 1

+1.£ O+ lgm D)

S (ifllo+

Then, lim Hm | |h+f, +gmlago— 1A+ S+ Gulla
the desired result follows from Lemma 2.

Next we must use a sort of “splitting lemmma” in p-Banach spaces. We

need to break cach element of a bounded sequence in two disjoint parts

forming two new sequences; the first one will be an equisummable sequence
apd the other one will have its coordinates converging to zero uniformly.

@D el <

1gmll o) +2N5 gl oo
= () uniformly on .#". Hence,

4 LemMa. Let (x,), be a bounded sequence in A, then, there exists a sub-
sequence (x,.), of (x,), so that x, = x,, +x,., keN and
i) the supports of x|, and x,, are disjoint,
1) (xp ) is an equisummable family,

i) | xy, [l 5520

Proofl In order to prove the lemma we may assume |x.[| <1, veeN.
For each £ > 0 and je N there exists an integer M, depending upon j and e,
such that if ||x]] < 1 and the module of their coordinates is non increasing
(e x() =x@) =), [T <x (a)1<ef}| < M. Indeed, this statement
holds because of ¢, 1s not contained in A and A is a sequence lattice.
We apply this assert to the sequence {x¥),, where x¥* is the non increasing
rearrengement in module of the coordinates of x,. It follows that we can
choose a subsequence (x) of (x}), satisfying that, for each integer j> 0,

<jxE Ml <27} | =¢

for all ke N. Now we split x* in two disjoint parts x3/
D ¢ ] P k

|27

composed by
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the coordinates bigger than 27% and x§” by the rest. Obviously,
x5 | =520 and, since the basis {e); is boundedly complete {see [5]

Theorem 1.c.10), for each &> 0, there exists a ve N such thai
o — Lo (el <
1

for all ke N. Hence, it follows immediately the conclusions of the lemma. #

REMARKS.

1. — If the sequence (x,), is composed by non increasing positive vectors,
ie, x, () = x, (i+1) =0 for all n,ie N, it is possible to improve the conclu-
sions of the lemma, so that, the corresponding subsequence (x), is norm .
convergent. The argumenis are essentially the same, but we must force the
convergence by coordinates with a comvenient speediness. (see [6]).

2. — Yves Raynaud pointed to us that by substituting the symmetry of A
for the condition “A does not contain 1P — uniformly”, the conclusion of .
Lemma- 4 holds. Since there exist Banach spaces A with 1-symmetric basis
such that 4 does not contains c¢,, but A- contains 17— uniformly, the
conclusion of the Lemma is not equivalent to “4 does not contain
12— uniformly”, even A4 is symmetric.

We return to the proof of Theorem 1. Let (f,), and (g,), be two
bounded sequences of A (E;) and let #, / be non trivial ultrafilters on N.
We must prove that \

Hm Hm | £+ gll aeg = m Bm | fo+gmll ay

We recall that it suffices to ‘prove the above equality when f, and g,
have finite support. In view of Lemma 4 we can get corresponding sub-
sequences (f,)e and (g,,); of (f). and (g,),, respectively, such that

i} fo, = fi+fo with suppf,,Nsupp fy =0, keN.
W [ fille =0, if k= oo, :
iii) {f,,;keN} is a bounded equisummable family and analogous conditions
for (gm;);-
Hence, by passing to subsequences, we have

lim lim | JaF Gull Ay = M ljm 1S+ Gt T Uyt G ) 4y
and

lim Hm [ £ gl aeo = WM B (G A Gon) + (e + Gl agear

Since # = {fy;ke N} and .#, = {g,,;je N} are equisummable families, we
can suppose that there is a ve N such that
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|65, @ # 0} < v and [fizghy (0 # O} <v

for all k,jeN
Let ¢ = lim T

H = {fi+gh:k jeN} is a bounded equisummable family in A (£), we get

and 7= lim ﬁj be the corresponding types on A, since
jr

lim lim | fy+ Gl acey = lim lim o 5 </, + )
n¥ md ¥

and
hm ﬁm “ fn+gmHA(El) = 111"]_'[!. lijl(:‘l)jrﬂ T*0 (fr:;(+gnk)
m# n-.

In order to continue the proof we need the following lemma

5. Lemma. Let (), be a sequence in A(E;) such that |{i: £, (i);éO}l <v
for all neN. then, there exist a AeN and a subsequence ( f,,’)n‘of {(f)n
such that -

D) fi =42 neN. .
1) F belongs to span'[gl,_..,elj , for all neN.

iiiy The sequence (fs")n is a block sequence of (en)is1-

Proof Let us first considerer that {n; f, (i) # 0} is finite for all ie N.

Choose 4 = 0, fi = fi and put f7*® =f]. Pick next f3, so that, max {i;f{ () #

# 0} <min {i; f2 ()0} and put f3¥=f, We continue the inductive |

construction of (f;) in an obvious way. | -
Now asumme that theie is a first index i such that f, (1};&0 for an
infinity of n’s. Rick the corresponding subsequence, namely again. (f,), such

that f, (‘i}.éé 0. ¥n. We have two possibilities for this subsequence: either

(7) # 0} is finite for all j> i or not. In the first case, we may re:;;ri

(n:fe

to the preceeding solved situation, by putting A=1i, [V =foxm and f,

= f,— ) Otherwise, we select the corresponding subsequence and so om,
—Jn o 3

{the existence of A is insured because l{i; fo () £ 0} <9, ¥neN). #

We turn again to the preof of the theorem. By applyi%lg the preceding
lemma to the sequences (f; ) and (g,,) we get further subséquences, denoted

by (fy )« and (gn);, and A€N such that
. - ’ I r ! {2}
Fot Gy = L+ Ga) + 122+ 0

fihpgile span [ey, .., ¢;] for all k,jeN

(o) (i and (gn2); are two block sequences of (e)ir1-

/(1) (1)

Then, there exist lim lim Sl gD and 1}§n lim £} +gi. Since the F;
. # v ) I i L 4
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: : 1) A1y gz : (L ;
i Hm /e g = Him T £ 4-g,,
Moreover, if k and j are quite far apart
T g = P+
and then, by applying the stability of A, the type
im lim 7@ L@  (Fimy 7N (B a2 — T 1 2 (@)
lim hjglfnk g = (Hm £y )*(l%ljpgm,.)—ll‘ljgl hm fo = 4gn’
Hence
lim B || f g llaey = 0 2 7= (lim Tim £, 9 +g,10)+
a¥ m ! o i*
*(lim £, @) (lim g,4*) = lim lim. || fo+4n |, #
<3 Jt i mt~  nd :
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X. Bacrepo, X. M. Mupa, ¥crofiaMBecTs NPOCTPABCTE BEKTOPRBIX JHAMEMEIX NOCICAURATEIb-
BocTeH :

B HacToAmel cTaThe NOKASLIBAETCS, 4TO MPOCTPAHCTBO BEKTODHBIX 3HATAMEIX IOCHEHOBATEIE-
Hoetel O(Ey), ¢ O yerofivMBEME CHMMETDMYEEIME p-BEIIVKIBIME PEHISTEAME NOCHENOBATCIIE-

HOCTH ¥ [ yCTOHTHBEIMM p-OAHAXOBHIMH IPOCTPAHCTBAME, YCTONYHEO B CMBICIE Kpuemna
" Mopes.




